MINIMAL POLYNOMIALS AND ANNIHILATORS OF 
GENERALIZED VERMA MODULES OF THE SCALAR TYPE 



HIROSHI ODA AND TOSHIO OSHIMA 

Abstract. We construct a generator system of the annihilator of a general- 
ized Verma module of a reductive Lie algebra induced from a character of a 
parabolic subalgebra as an analogue of the minimal polynomial of a matrix. 



1. Introduction 

In the representation theory of a real reductive Lie group G the center Z{q) of the 
universal enveloping algebra U (g) of the complexification q of the Lie algebra of G 
plays an important role. For example, any irreducible admissible representation r 
of G realized in a subspace E of sections of a certain G-homogeneous vector bundle 
is a simultaneous eigenspace of Z{q) parameterized by the infinitesimal character 
of T. The differential equations induced from Z{q) are often used to characterize 
the subspace E. 

If the representation r is small, we expect more differential equations correspond- 
ing to the primitive ideal Ir, that is, the annihilator of r in U{q). For the study 
of and these differential equations it is interesting and important to get a good 
generator system of Ir ■ 

Let pe be a parabolic subalgebra containing a Borel subalgebra b of g and let A 
be a character of pe- Then the generalized Verma module of the scalar type is by 
definition 

(1.1) Me(A) = f/(0)/Je(A) with Je(A) = ^ C/(0)(X - A(X)). 

In this paper we construct generator systems of the annihilator Ann(Me(A)) of the 
generalized Verma module Me (A) in a unified way. If t can be realized in a space 
E of sections of a line bundle over a generalized flag manifold, the annihilator of 
the corresponding generalized Verma module kills E. 

When = j()2| and j()3j construct such a generator system by generalized 
Capelli operators defined through quantized elementary divisors. This is a good 
generator system and in fact it is used there to characterize the image of the Poisson 
integrals on various boundaries of the symmetric space and also to define generalized 
hypergeometric functions. A similar generator system is studied by |0d) for = 0^ 
but it is difficult to construct the corresponding generator system in the case of other 
general reductive Lie groups. On the other hand, in )04j we give other generator 
systems as a quantization of minimal polynomials when g is classical. 

Associated to a faithful finite dimensional representation tt of g and a g-module 
M, |04| defines a minimal polynomial q-K,M{x) as is quoted in Definition 12.31 and 
Definition 12.51 If g = 0[„ and tt is a natural representation of g, q^.Mix) is char- 
acterized by the condition qTT.M{Fn)M = 0. Here = [Eij ] 2<i<„ is the matrix 

whose (i, j)-component is the fundamental matrix unit Eij and then F^^ is identi- 
fied with a square matrix with components in g C C/(g). In this case q^MeWi^) 
naturally regarded as a quantization of the minimal polynomial which corresponds 
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to the conjugacy class of matrices given by a classical limit of Mq{X). For example, 
if pe is a maximal parabolic subalgebra of gl„, the minimal polynomial qTT.Me{\)ix) 
is a polynomial of degree 2. 

For general tt and g, the matrix is the image (^p{Eij)j of (Sij) under the 

contragredient map p of tt and then F^^ is a square matrix of the size dim tt with 
components in q. For example, if tt is the natural representation of o„, then the 
(i, j)-component of F^r equals ■^{Eij — Eji). 

In |04| we calculate the minimal polynomial qTr^MQ(x){^) for the natural repre- 
sentation TT of each type of classical Lie algebra g and by putting 

(1.2) -^7r,e(A) = ^(fl)g7r,Me(A) 

j,j AeZ(B)nAnn J\/e(A) 

it is shown that 

(1.3) Je(A) = /,,e(A) + J(Ae) with J(Ae) - ^ " ^(^)) 

xeb 

for a generic A. This equality is essential because it shows that q-rr,MB(\){P-'^)ij give 
elements killing Me (A) which cannot be described by Z{q) and define differential 
equations characterizing the local sections of the corresponding line bundle of a 
generalized flag manifold. Moreover assures that /7r,e(A) equals Ann(Me(A)) 
for a generic A fProposition 13 . It'll . 

In this paper, tt may be any faithful irreducible finite dimensional representation 
of a reductive Lie algebra q. In Theorem 12. 241 we calculate a polynomial q-K,e{x\ A) 
which is divisible by the the minimal polynomial q-n ,Me,{X){x) and it is shown in 
Theorem 12.291 that the former polynomial equals the latter for a generic A. If 
pe — this result gives the characteristic polynomial associated to tt as is stated 
in Theorem l2.33l which is studied by |(to2| . We prove Theorem l2.24l in a similar way 
as in j 04| but in a more generalized way and the proof is used to get the condition 
for p.3|l . Another proof which is similar as is given in |Go2j is also possible and 
it is based on the decomposition of the tensor product of some finite dimensional 
representations of g given by Proposition 12.271 The proof of Theorem 12.291 uses 
infinitesimal Mackey's tensor product theorem which is explained in Appendix 1X1 

In §3 we examine ()1.3|l and obtain a sufhcient condition for H1.3|l by Theo- 
rem 13.211 Proposition 13.251 and Proposition 13.271 assure that a generic A satisfies 
this condition if tt is one of many proper representations including minuscule rep- 
resentations, adjoint representations, representations of multiplicity free, and rep- 
resentations with regular highest weights. In such cases the sufficient condition is 
satisfied if A is not in the union of a certain finite number of complex hypersurfaces 
in the parameter space, which are defined by the difference of certain weights of 
the representation tt. On the other hand, in Appendix we give counter examples 
for which our sufficient condition is never satisfied by any A. In Proposition 13 .31 we 
also study the element of Z{q) contained in /,r,e(A). 

A corresponding problem in the classical limit is to construct a generator system 
of the defining ideal of the coadjoint orbit of g and in fact Theorem l3.28l is considered 
to be the classical limit of Corollarv l3.22l 

If TT is smaller, the two-sided ideal /7r,e(A) is better in general and therefore in 
§4 we give examples of the characteristic polynomials of some small tt for every 
simple g and describe some minimal polynomials, especially in each case where pe 
is maximal. Note that the minimal polynomial is a divisor of the characteristic 
polynomial evaluated at the infinitesimal character. In Proposition l4.12l we present 
a two-sided ideal of U{q) for every (0,pe) and examine the condition l|1.3|l for 
this ideal by applying Theorem l3.21l In particular, the condition is satisfied if the 
infinitesimal character of Me (A) is regular in the case when = 0[„, 02ri+i, sp„ or 
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G2. The condition is also satisfied if the infinitesimal character is in the positive 
Weyl chamber containing the infinitesimal characters of the Verma modules which 
have finite dimensional irreducible quotients. 

Some applications of our results in this paper to the integral geometry will be 
found in ^ §5] and [H?^ . 

Acknowledgments. The referee gave the authors many helpful comments to make 
the paper more accessible. The authors greatly appreciate it. 



2. Minimal Polynomials and Characteristic Polynomials 

For an associative algebra 21 and a positive integer N, we denote by M(iV, 21) 
the associative algebra of square matrices of size N with components in 21. We 
use the standard notation o„ and sp„ for classical Lie algebras over C. The 
exceptional simple Lie algebra is denoted by its type Eq, Ei, Eg, F^ or G2- 

The Lie algebra glj^j is identified with M{N,C) ~ End(C^) with the bracket 
[X, Y] = XY — YX. In general, if we fix a base {vi, . . . ,vn} of an A^-dimensional 
vector space V over C, we naturally identify an element X = (Xij) of M{N, C) with 

an element of End(T^) by Xvj — X/i=i -XijVi. Let Eij = \ Sf^id,yjj e M(N, C) 

l<iy<N 

be the standard matrix units and put E*^ = Eji. Note that the symmetric bilinear 
form 

(2.1) (X,Y) = Trace XY for X,Y e gl^ 
on gl]^ is non-degenerate and satisfies 

{Eij.E^i,) = {Eij,E*^) = 6ii,Sjf^, 

(2.2) X = ^{X,Eji)Eij, 

id 

{Ad{g)X, Ad{g)Y) ^ {X, Y) for X,Y e gl^ and g e GL{N, C). 

In general, for a Lie algebra g over C, we denote by U{g) and Z{g) the universal 
enveloping algebra of g and the center of U{g), respectively. Then we have the 
following lemma. 



AT; 



Lemma 2.1 ( |04l Lemma 2.1]). Let g be a Lie algebra over C and let (tt, C^) be 
a representation of g. Let p be a linear map o/gl^y to C/(7r(g)) satisfying 

(2.3) p{[X, Y]) = [X,piY)] for X e Tr{g) and Y e gl 

that is, p G Hom^fj,) (gl^, U in{g))) . 
Fix q{x) € <C[x] and put 



F 



(2.4) 



Then 



(p(^^j))i<.<A^ eM(7V, (7(^(0))), 

l<j<N 

{Q^s)i<r<N ^ liP) e M{N,U{7:{g))). 



(2.5) {p{Ad{g)E,,)) = for g e GL{n,C) 

and 



l<j<N 



N N 

(2.6) [X,Q,,] = VX^.Q^,- V 
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N N 



,1 v=l l<u<N 



Hence the linear map gl^ — > U{t:{q)) defined by Eij i—s- Qij is an element of 
Hom^(g)(fl[^, C/(7r(0))). In particular, Yln=iQii ^ ^(""(fl))- 

Remark 2.2. The referee suggested that we should give the reader the following con- 
ceptual explanation of Lcmina l2.1l Since (g[jv)* — M{N,C)* is naturally identified 
with M{N,C) via (|2.1|l . the linear 7r(g)-hoinomorphism p : gljy U(Tr{g)) is con- 
sidered as an element of (gl^)* (g) U{tt{s)) ~ Af (TV, C) ® U{tt{5)) ~ M(7V, U{tt{q))). 
By this identification, the image of p equals *F and hence (|2.5() holds almost imme- 
diately. Furthermore, itTEl) is equivalent to the fact that (M(7V, C) (g) C/(7r(0)))''^^^ 
is a subalgebra of M{N, C) (g) f7(7r(fl)) ~ M(Ar, [/(7r(0))). 



Now we introduce the minimal polynomial defined by j()4j , which will be studied 
in this section. 

Definition 2.3 (characteristic polynomials and minimal polynomials). Given a Lie 
algebra g, a faithful finite dimensional representation (tt, C^) and a g-homomorphism 
p of End(C^) ~ glj^ to U{g). Here we identify g as a subalgebra of gl^ through 
TT. Let Z{g) denote the quotient field of Z{g). (Recall Z(q) is an integral domain.) 
Put F = (p(S,j)) e M{N,U{q)). We say qrix) G ^(g)[a;] is the characteris- 
tic polynomial of F if it is the monic polynomial with the minimal degree which 
satisfies 

qpiF) = 

in M(7V, Z(g) (8iz(g) U{q)). Suppose moreover a g-module M is given. Then we 
say qF,M{x) S C[x] is the minimal polynomial of the pair (_F, M) if it is the monic 
polynomial with the minimal degree which satisfies 

qF.M{F)M = 0. 

Remark 2.4. The uniqueness of the characteristic (or minimal) polynomial is clear if 
it exists. Suppose g is reductive. Then the characteristic polynomial actually exists 
by j04.. Theorem 2.6]. The same theorem assures the existence of the minimal 
polynomial if M has a finite length or an infinitesimal character. 

Definition 2.5. If the symmetric bilinear form H2.1|l is non-degenerate on 7r(g), the 
orthogonal projection of g[^ onto 7r(g) satisfies the assumption for p in Lemma |2. II 
which we call the canonical projection of gl^ to 7r(g) ~ g. In this case we put Fj^ = 

(^p{Eij)j . Then we call qp^{x) (resp. qF^.Mix)) in Definition 12 . 31 the characteristic 

polynomial of tt (resp. the minimal polynomial of the pair (tt, M)) and denote it by 
q.^{x) (resp. q-^.M{x)). 

Remark 2.6. For a given involutive automorphism a of gl^, put 

g = {Xeg[^; C7{X) = X} 

and let tt be the inclusion map of g C gljv- Then p{X) = 

Hereafter in the general theory of minimal polynomials which we shall study, we 
restrict our attention to a fixed finite dimensional representation (tt, V) of g such 
that 



(2.7) 



g is a reductive Lie algebra over C, 
TT is faithful and irreducible. 



Moreover we put N = dimV^ and identify V with through some basis of V. 
The assumption of Definition 12. 51 is then satisfied. 
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Remark 2.7. i) The dimension of the center of g is at most one. 
h) Fix g e GL{V). If we replace {tt,V) by (ttS^V) with tt3{X) = Ad(g)7r(X) for 
X G g in Lemma f2. II F^^ G M{N,2) is naturally changed into *g~^F.^ *'g under the 
fixed identification V ~ C^. This is clear from LemmaO(cf. [O?, Remark 2.7 ii)]). 
iii) Exceptionally the condition (|2.7|l will not be assumed in Definition 12.361 and 
Proposition 12.371 

Definition 2.8 (root system). We fix a Cartan subalgebra a of g and let S(g) be 
a root system for the pair (g, a). We choose an order in S(g) and denote by S(g)''' 
and ^'(g) the set of the positive roots and the fundamental system, respectively. 
For each root a G S(g) we fix a root vector Xa G g. Let g = n©a®fibe the 
triangular decomposition of g so that n is spanned by Xa with a G S(g)+. We say 
G 0* is dominant if and only if 

2j^^{-l,-2,...} for any a G I](g) + . 
(a, a) 

Let us prepare some lemmas and definitions. 

Lemma 2.9. Let U be a k- dimensional subspace of qIj^ such that ( , )\u is non- 
degenerate. Let pu be the orthogonal projection o/g[^ to U and let {vi, . . . ,Vk} 
be a basis of U with {v2,Vj) — for 2 < j < k. Suppose that u G gt^v satisfies 
{u, v.j) ^ for 2 < j < k. Then pu{u) = ^f^V2- 

The proof of this lemma is easy and we omit it. 

Lemma 2.10. Choose a base {vi] i = I, . . . , iV} of V for the identification V 

so that Vi are weight vectors with weights voi G a*, respectively. We identify 
g with the subalgebra 7r(g) of Qlpf ~ M{N,C) and put — 'l^iLi'^^ii- ^or 
= (-Fii)i<i<Ar we have 



l<j<N 



N 

E 



(2 



ad(i/)(F„) = (tu, - VDj){H)F,j (iH G a), 
{Fij, -E^i/) 7^ with i ^ j implies Wi — vjj = Wu — ro^ G S(g), 

N 

a = ^ <CFu C QAT, n = ^ CF,^-, ^ CF,^ 

under the identification a* ~ a C an — &2/ the bilinear form (|2.1|l . 

Proof. Note that iJ G o is identified with J2f=i''^ji-^)-^jj G C gtjy Hence 
a.d{H){Eij) — {zui — mj){H)Eij and therefore ad{H){Fij) — {voi — ■ujj){H)Fij . In 
particular we have Fa G a. Since 

N 

{H, Fu) - {H, Eu) = (Y, ^j{H)Ejj,Eu) = vo,{H) {VH G a), 
we get F,i = Wi. 

For each root a, the condition {Xa)ij = {Xa.Eji) ^ means nj^ — tUj — a. 
Hence if i 7^ j and X G a + X]aes(fl) a^^roj-roi CX^, then {Eij,X) — and therefore 
{Fij,X) = 0. Hence Fij = if i 7^ j and njj — vji ^ ^(s)- On the other hand, 
if — Wi G S(g), we can easily get Fij — CX^.^^^ for some C G C. Hence 
{Fij^E^i,) = Oiiwi - Wj ^Wy~ Wf^. □ 
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Through the identification of a* :^ a C ttN in the lemma, we introduce the 
symmetric bilinear form ( , ) on a*. We note this bilinear form is real- valued and 
positive definite on X]Q:eii'(0) 

Now we take a subset 6 C *(fl) with 6 ^ ^{q) and fix it. 

Definition 2.11 (generalized Verma module). Put 

ae = {H€ a; a{H) = 0, Va G 6}, 
3e = {XG s; [X, H] = 0, MH & a©}, 
me = {X e fle; {X, H) = 0, Vif g oe}, 

S(0)- = {a; -a G S(0)+}, 
l](0e) = {a G =0, Vif e ae}, 

E(fle)+ = 5](0e) n E(0)+, E(ge)- = {-«; a e S(fle)+}, 
ne = ^ CXa, n© = CX^, 

aeE(B) + \S(0e) c«6S(B)-\E(fle) 

b = a-l-n, pe = £i© + n©, 

c«eE(g)+ a£E(ge) + 

For Ago* which satisfies 2-|^^ e {0, 1,2,.. .} for a G 0, let J7(e,A) denote the 
finite dimensional irreducible ge-module with highest weight A. By the trivial 
action of ne, we consider C/(e,A) to be a pe-module. Put 

(2.9) M(e,A) = U{q) ^u(ps) ^(e,A)- 

Then M(e,A) is called a generalized Verma module of the finite type. 

Remark 2.12. i) pe is a parabolic subalgebra containing the Borel subalgcbra fa. 
pe = me + ae + ne gives its direct sum decomposition. 

ii) Every finite dimensional irreducible pe-module is isomorphic to f/(e,A) with a 
suitable choice of A. 

iii) M(0 A) is nothing but the Vorma module for the highest weight A e a*. 

iv) Let u\ be a highest weight vector of f/(e,A)- Then 1 (g) ua is a highest weight 
vector of M(e,A)- Moreover 1 §5 ma generates M(e,A) because 

-W(e,A) = U{q) ®u(pe) U(e,A) = U{ne) <»cU{pe) <»u(pe) U(e,A) 

= [/(ne) ®c C/(e,A) = [/(ne) ®cU{nr\Qe)uA ^ C/(tt)(l ® ua)- 

Hence M(e a) is a highest weight module and is therefore a quotient of the Verma 
module M(0^a)- 

v) If (A, a) = for each a e 6, then dim [/(e,A) — 1 and we have the character Ae 
of pe such that Xu\ = Xq{X)ua for X G pe- Since 

U{g) = U{ne)(B U{g){X - Xe{X)) 

Xepe 

is a direct sum and M(e,A) = U{nQ) ®c 'Cu\, wo have the kernel of the sur- 
jective [/(g)-homomorphism [/(g) M(e,A) defined by D D{1 (8> ua) equals 
ExepoUi3){X-XeiX)). 



ANNIHILATORS OF GENERALIZED VERMA MODULES 



7 



Definition 2.13 (generalized Verma module of the scalar type). For A G Oq define 
a character Ae of pe by \e{X + H) = A(i7) for X e me + ne and iJ G ae- Put 

Je(A)= U{Q){X^\eiX)), 

(2.10) J(Ae) = ^C/(fl)(X-Ae(X)), 

xeb 

Afe(A) = {/(0)/Je(A), M(A0) = [/(0)/J(Ae). 

Then Mq{X) is isomorphic to M(^Q Xe)^ which is called a generalized Verma module 
of the scalar type. If 8 = 0, we denote J0(A) and M0(A) by J(A) and M{X), 
respectively. 

Definition 2.14 (Weyl group). Let W denote the Weyl group of S(g), which is 
generated by the reflections Wa '■ a* 3 fi — 2 j^'^j a G a* with respect to 

a e ^{q). Put 

We^{we W; w{^{2)+ \ l](0e)) = S(s)+ \ E(ge)}, 

Wie) ^{weW; u;(S(00)+) C S(0)+}. 

Then each element w € W{<d) is a unique element with the smallest length in the 
right coset wWq and the map W{Q) x We 9 (101,^2) 1— > £ W is a bijection. 

For w eW and G a*, define 

(2.12) ui./i = it;(/i + p) — p. 

Here we note that We is generated by the refiections Wa with a G 8 and 

(2.13) (pe,a) =0 for a G S(fle)- 

Definition 2.15 (infinitesimal character). Let D G U{g). We denote by Da the 
element of U (a) which satisfies D — Da £ hU (g) + [/ (0)n and identify Da € U (a) c^i 
S'(o) with a polynomial function on a*. Then Aa{p) = Aa{w.p) for A G Z{g), 
pea*, and w eW. 

Let p G a*. We say a g-module M has infinitesimal character p if each A G Z{g) 
operates by the scalar Aa{p) in M. We say an infinitesimal character p is regular 
if {p + p,a) ^ for any a G S(g). 

Remark 2.16. The generalized Verma module M(e.A) in Definition 12.111 has infini- 
tesimal character A. It is clear by Remark l2.1 21 ivl. 

Definition 2.17 (Casimir operator). Let {Xi; i = 1, . . . , w} be a basis of g. Then 
put 

UJ 

A, = j2x,x: 

1=1 

with the dual basis {X*} of {Xi} with respect to the symmetric bilinear form (|2.1(l 
under the identification fl C gl^v through tt and call A^ the Casimir operator of g 
for vr. 

Remark 2.18. As is well-known, A^r G Z{2) and A^r does not depend on the choice 
of {X,}. 

We may assume in Definition 12 . 1 71 that {Xi, . . . , X^i} and {Xi^'+i, . . . , X^^} be 
bases of ge and ne + tie, respectively. Then X* G ge for i = 1, . . . , w' and 

UJ 

(2.14) A? = ^x,x; 

i=i 

is the Casimir operator of ge for tt. 
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Lemma 2.19. Fix a basis {Hi, . . . , Hr} of the Cartan suhalgehra a of q. 

i) Let {HI, ...,H*} be the dual basis of {Hi, . . . ,Hr}. Put Ha = [Xa, X^a]- Then 

aesis)^^"'^-"' i=l 

ETT IT* , f '^^-aXa , Ol{Ha)Ha 



1=1 aeE(g) 



j^\{Xa,X-a) {Ha, Ha) 

— A® + E ^ a{Ha)H, 



cvc„^ + \v^„ ^ ^{^a,X-a) {Ha, Ha) 

ii) Let M be a highest weight module of g with highest weight /i G a* . Then A^^v = 
{n, jji + 2p)v for any v G M. 

iii) Let v be a weight vector of tt belonging to an irreducible representation of g@ 
realized as a subrepresentation o/ 7r|gg and let zu denote the lowest weight of the 
irreducible subrepresentation. Then 

A„v = (tt, 7f - 2p)v, 
Afv ={w,w- 2p{e))v, 

aeE(fl)+\E(Be) ^ ' ' 
Here tt denotes the lowest weight of it. 

iv) Fix P e ^(o)^ and put g(/3) = CXp + CX^p + X)i=i Cifi. Let v be a weight 
vector of TT belonging to an irreducible representation of g{P) realized as a subrep- 
resentation o/7r|g(^-) and let zu denote the lowest weight of the irreducible subrepre- 
sentation. Let zu + £P be the weight of v. Then 



v) Suppose Q is simple. Let 
the Killing form of g. Then 



{Xp,X_0) 

v) Suppose g is simple. Let amax is the maximal root of and let B{ , ) be 



B{ama.ii, amax + 2p) = 1. 

Proof i) Note that 

(2.16) {Ha, Ha) = {Ha,[Xa,X_a]) = {[Ha, Xa], X_a) = a{Ha){Xa, X_a) 

Since the dual base of {Xa, Hi; a e ^{g), i= 1, . . . , r} equals { (x^x „) ' -^i*' ^ ^ 
E(fl), i = 1, . . . , r}, the claim is clear. 

ii) Let Vp, be a highest weight vector of M. Then 

A u- u* , Cl{Ha)Ha 

A^v, = Y^H,H,v,^ E (h:;^^"'^ 

i=l aGE(g)+ ^ 

Eiij\ (■u*\ , a:{Ha)niHa) 
KHi)KHi )vi, + E (H H ) 

i=l aeE(£,)+ ^ 

Hence A^^Vfj, = {11,11 + 2p)v^ because Ha is a non-zero constant multiple of a with 
the identification a* ^ a by ( , ) and therefore A^v = {p,,p,-\- 2p)v because M is 
generated by v^. 

iii) Let be a lowest weight vector of tt. Then we have A^w^ — {tt,tt — 2p)vTt 
and therefore A^^v = (tt, tt — 2p)t;. Similarly we have A^v = {w, vj — 2p{Q))v. 
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Let w' be the weight of v. Then we have 

EXq,X_q, 1 1 A© ,11 \ 



aeE(0)+\S(fle) 

1 



^^TT — vCjir + vj — 2p)v. 



Here wc note that (zu'^pq) = {w,ps). 

iv) By the same argument as above we have 



Hence 

2XpX-l3 



v = {w,w - P)v - {w + £P,vu + £P)v + (P,w + £P)v 



{Xf3,X_0) 

= -{2i{w,(})+e{i-l){p,(3))v 

v) Suppose 77 is the adjoint representation of the simple Lie algebra g. Then for 
HGawe have 

/^/A \fm m "S^ ([Xa, [X_a,H]],H) 
{n{A^)iH),H)= {X^,X_^) 

_ \ ^ -{[X-a,H], [XgyH]) 

"es(B) 
= {H,H). 

Hence 7r(A^)(if) = and B(amax, "max + 2p) = ^(-amax, -CJmax - 2p) =1. □ 

Definition 2.20 (weights). Let W{tt) denote the set of the weights of the finite 
dimensional irreducible representation tt of g. For zu € W(7r) define a real constant 

(2.17) D^{w) = ^{Tr-w,Tr + w-2p). 

Here 7f is the lowest weight of tt. Put i?+ = {^g^^f^g^j ruaa; nia G {0, 1,2,.. .}}. 
We define a partial order among the elements of W(7r) so that w < zu' if and only 
ii Tu' — zu € 

Moreover wc put 
(2.18) 

>Ve(7r) = {w are the highest weights of the irreducible components of Trigg}, 
We(7r) = {zu are the lowest weights of the irreducible components of Trigg}, 

W(Tr)Ug = {tZ7|„g;ti7e>V(Tr)}. 

Let p and p' G yV(Tr)|ae- Then we define p <e p' if and only ii p' — p e 

e {0,1,2,...}}. 

i?emarfc 2.21. i) >V0(7r) = W0(Tr) = >V(Tr) and We(Tr) = -We{-K*). Here (Tr*,y*) 
denotes the contragredient representation of (Tr, V) defined by 

(2.19) {■K*{X)v*){v) = -v*{n{X)v) for X €0, v* gV* and vgV. 

ii) W(Tr)|„e = {w\as; e We(Tr)} = {zu\as; ^ e W0(Tr)}. 
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iii) Suppose m and w' G W(7r) and put uj' — zu ~ J2a£^{s) ''^aCt- Then vjla^ <e 
tu'loQ if and only if nia > for any a G ^'(fl) \ 6- Hence Tflag, is the smallest 
element of W(7r)|ae ■ Note that < tu' if and only if w <0 vu' . 

Lemma 2.22. Let m and w' € W(7r). 

i) If a — vj' — vj £ ^(0), then Dt^['uj) — Dt^(tu') = {w, w' — w). 

ii) Suppose vj' e Wq{'k), w < vj' and njjag = tu'log. Then Dt;{tu) < Dtt^'uj'). 



Proof, ii) Note that 



The assumption in ii) implies tu' ~ w — X^aee "^a*^ with TOq, > 0. Here at 
least one of ma is positive. Hence (tn' — w, p) > 0. Since w' are the lowest 
weights of irreducible representations of gei (ck, ^^') < for a £ Q. Thus we have 

(Eaee ^a^' - X^aGO "^a" " ^p) < 0. 

i) Put a = zu' — zu. Then 



Dyriw) — Dt^{vj') — {ru, vo' — vo) = ^ 2 '^P ~ '^)^ 



which equals if a G '^{q) because Wai^io)^ \ {"^}) — ^(fl)^ \ {o^}- 1^ 



Now we give a key lemma which is used to calculate our minimal polynomial. 

Lemma 2.23. Fix an irreducible decomposition ®1^i{'^i,Vi) of ('I'lge'^) ^'^'^ " 
basis {vi^i, . . . , Wi,mi} of Vi so that Vij are weight vectors for a. Let ujij and wt be 
the weight of Vij and the lowest weight of the representation tt^, respectively. 

Suppose zuij = Wi'ji. Then for a positive integer k with k > 2 and complex 
numbers fj,i, . . . , fik 



k fc-l 



{s,t),{s",t")- v=\ 



fc-1 

mod [/(fl)(me+ne)+ ^ [Vi.^^- ~ ^-')) , „ ^ 

. .. V - ' (s",t"){s,t) 



Proof. Note that Wij = zui mod ?7(fl)me. It follows from Lemma \2 . 1 01 that 
F{s,t){i,j) = SstStjZUi mod J7(fl)(me + ne) 



if Ws,t - ro^j E(fl) \ S(0e)- 
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Put = 111=1(^7^ - ^^'d- Then Lemma I^TUl implies 
(2.20) 

= H iP(i^}){sjv mod f/(0)(me+ne)+fieC/(£i) 



{E{s,t)(i,j) , Xa) {E(^s',t')(s",t"), X^a) 



:<ei;(g) + \S(Be) 
■cUs^t—tUi^j — a 



aeE(B) + \S(£,e) 

tUg^t—'nJi^j CK 



aeS(B)+\E(Be) ^ ' ' 



In the above the second equality follows from (|2.8|) and Lemma [2.91 with U = g. 
The third equality follows from Lemma l2.1l with 

X-a— ^ {E(s',t'){s",t"),X^a)E(s"^t"){s',t') 



which follows from the identification C gl^v together with the property of ( , ). 

Put = -*X for X e M(Af,C) - gl^. Let {w*,,} be the dual base of {u^^} 
and consider the contragredient representation tt* of tt. Then 7r*(X) = for 
X e with respect to these basis. Then {X, Y) = (X^, y^) for X, F G g and 

E X-gX^ ^ ^ (£'(s,t)(s',t') , ^-g) {E{i^j)(s,t) , XX) ^ 

Ivy yv\^«J' /vv v\/\ ^s',t'j 

a6S(B)+\E(ge) QeS(B) + \S(Be) 

which is proved to be equal to DT^{nJi)v* j by Lemma l2.1 91 iii') because (tt, Wi, p) for 
TT changes into (— tt, —Wi, — p) in the dual tt* with the reversed order of roots. This 
implies the last equality in 12.20|l . 

Note that if Z? e net/(0) + U{g){me + ne) satisfies [H,D] = for aU H e oe, 
then D G J7(g)(me + ne). Since the condition ruij — vjs^t £ 5](g)+ \ S(0e) implies 
'J37s|ae <o ^i\ae,i have the lemma. □ 

Theorem 2.24. Retain the notation in Definition I2.20L For zu € a* we identify 
'w\a^ with a linear function on hy w\aQ[\) = {\q,w) for A G a*Q. Put 

f^TT.e = {(^^|aei^7r(n7)); n7 G WoItt)}, 

(2-21) (?..e(^;A)= n (^-Ai(A)-C). 

(/x,C)fEn^,e 

T/ien qTT.Q^F-,^; \)Mq{\) — /or any A G Qq. 

Proof. For any _D G U{q) there exists a unique constant T{D) G C satisfying 

T{D)=D mod taL/(0) + Je(A) 
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because the dimension of the space Me(A)/nMe(A) equals 1. Notice that 
JeW^ U{s){H-X{H)) + Uis){me+ne). 

Heae 

Use the notation in Lemma [2. 231 Since 
ad{H)q^^e{F.^; X){i' = (^7^/^- - Tu^j){H)q^^e{F^; for H e a, 

Next assume Wij = '0Ji>j' and put 

g7i-,e,i(a;; A) = Y]_ (a; - /i(A) - C). 

Then <l{FTr){i' G J&iX) for any 17(2:) G <C[x] which is a multiple of qTr,&.iix; X). 
It is proved by the induction on tUilaQ with the partial order <e- Take zq G 
so that Wig = TT. li i = io then Lemma 12.101 and Lemma 12.231 with 
DTr{wi) — D-,^{Ti) — imply our claim. If i ^ io then TfjoQ <e Wilag and therefore 
deg^ qTr,e.i{x; X) > 2. Hence we can use Lemma 12.231 again to prove our claim 
inductively. 

Thus we get the condition 

(2.22) r(g,,e(i^x;A)(,,,,,)(,,,)) = for any and 

Let V(A) denote the C-subspace of U{g) spanned by g7r,e(^7r; A)(i/ . Then 
V(A) is ad(g)-stable by Lemma ITTI The g-module 

Ma- V(A)Me(A) 

is contained in fiA/e(A) because putting ux = I mod Je(A), 

Ma = ViX)U{h)ux = [/(n)V(A)uA C Uin)mi0)ux = nMe(A). 

On the other hand, since Me (A) is irreducible if A belongs to a suitable open 
subset of Oq, Ma = {0} in the open set. If we fix a base {Yi, . . . ,Y„i} of fie, we 
have the unique expression 

9.,e(i^x; A)(,,,,.)(,,,) = Q^WYi' ■ ■ ■ mod Je(A) 

with polynomial functions Q,y(A). All these Qy(X) vanish on the open set and 
therefore they are identically zero and we have V(A) C Je(A) for any A. We have 
then for any A 

Ma = V(A)C/(fl)uA - C/(0)V(A)UA = {0}. □ 

Theorem 12.241 is one of our central results since 9,7,6(2;; A) = 97r,Afe(A) (^) '^'-"^ 
a generic A G Oe- Before showing this minimality, which will be done in The- 
orem 12.291 we mention the possibility of other approaches to Theorem 12.241 In 
fact we have three different proofs. The first one given above has the importance 
that the calculation in the proof is also used in i|31to study the properties of the 
two-sided ideal of f/(fl) generated by g,r,e(^7r; A)ij. The second one comes from 
a straight expansion of the method in jGolj and |G!o2j to construct characteristic 
polynomials. In the following we first discuss it. The third one is based on infini- 
tesimal Mackey's tensor product theorem which we explain in Appendix IXI With 
this method we shall get the sufficient condition for the minimality of q-K,0ix]X) 
l'Theorem l2.29|) and slightly strengthen the result of Theorem 1^ . 241 (Theorem 12 . 3 l|l . 
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Definition 2.25. Let {tt*,V*) be the contragredient representation of {tt,V) and 
{vl, . . . , w^} the dual base of the base {vi, . . . , vj^} of V. For a fl-module M define 
the homomorphism 

h^^M) ■■ M{N, U{g)) ^ End {M ® V*) 
of associative algebras by 

N N N 

(2.23) {h.,M)iQ)){T. 

j=l 1=1 j=l 

for Uj G M and Q = (Qy) e M{N, U{q)). Then QM = 0, namely, Q,j e Ann(M) 
for any i,j if and only if /i(7r^M)('9) = 0. 

The following lemma is considered in jGolj and jGo2| . 



Lemma 2.26. Let M be a Q-module. For an element X^jLi ® ''^j of M ®V* 
with Uj G M , we have 

N N N N 

i=i j=i i=i j=i 

/n particular ^(7r,Af) (-Ptt) G Endg(Af ® V*). 

Proof. Let {Xi, . . . , X^} be a base of g and let {X^ , . . . , X*} be its dual base with 
respect to ( , ). Then 

N N N 

j=i i=i i=i 

N ui N UJ 

j—l — 1 j — l u—l 

N Lo N N 

j — l y—1 i—1 i=X 

N N 

= 2EE(?'(^^^-)"^-)«<- 

i=l j=l 

Here we use the fact that Xv* = — X^i^i for X G g because Xvj = 

Now we examine the tensor product M ®V* in the preceding lemma when M 
is realized as a finite dimensional quotient of a generalized Verma module Me (A). 



Proposition 2.27 (a character identity for a tensor product). Put 

JW£\ 

XA - 



E^eH.sgn(«;)e-(A+P) 



naeS(B)+(e^ -e =) 
for Ago*. // (A, a) —0 for any a G 6, then 

(2.24) Xtt'Xa^ E "^tt- ,e{-^)XA+vj 

roeW(7r') 

by denoting 

m^,^e{w) = dim{w* G V*; Hv* = vj{H)v* (yH G a), Xv* = (VX G ge n n)}. 

Here x-n' is the character of the representation (tt*, V*) and for fj, G a* , denotes 
the function on a which takes the value e'**-^' at H £ a. 
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Proof. It is sufficient to prove (|2.24l) under tlie condition tliat (A, a) is a sufficiently 
large real number for any a G ^(g) \ 9 because both hand sides of H2.24|l are 
holomorphic with respect to A G a*. Put 



an = 



o 



xl 



Xv 



{/i G a*; G M (Va G E(0))}, 

{^,ea*^■,{^l,a)>0 (VaGE(0)+)}, 
E^ew^ sgn(u;)e"'(^+P) 
naes(B)+(e^ -e-^) ' 
Ero'ewe sgn(u;')e"''(^+''(®» 



Then Xir* — X]roew(7r*) Weyl's character formula and if iJ7 G 

W(7r*) satisfies m7r»,e(w) > 0, then A + cc7 G and 

X^XI n (^-^^^-^)= ^^^^" Vi_ E sgnl-Oe-''^^) 

= sgn(u;)e'"(^+^+'') 

w£W0 

= 6^+"+" mod ^ Ze'^. 

For any w G \ VFe there exists a G ^(g)^ \ S(ge) with wa G and then 

the value —{■w{A + p), wa) = — ((A + p), a) is sufficiently large and therefore 

Xr.iXA~xl) n (e^-e-f)G ^^"^ 

Hence 

X.'XA n (e^-e-t)= ^ m^.,eMe''+^+'' mod ^ Ze^ 

and we have the proposition because Xtt'Xa Y[aes{s}+ is an odd function 

under W. □ 

Lemma 2.28 (eigenvalue). Let (tta, Va) be an irreducible finite dimensional rep- 
resentation of with highest weight A. Suppose (A, a) = for a G Q and (A + 
137, a) > for vj G VVe(7r*) and a G 'l'(g) \ 6- T/ien t/ie sef o/ the eigenvalues of 
^7r,VA(^7r) G End(VA V^*) without counting their multiplicities equals 

{-(A,n7) + i(7r* -zu,tt* +m + 2p); m G We{-K*)} 

= {(A,K7) + i(7f ~ti7,7f + Tu-2p); TuGWe(7r)}. 
ifere we identify vr* wiit/i t/ie highest weight of (vr*, V*). 
Proof. The assumption of the lemma and Proposition 12 . 271 imulv 

n7GWe(7r*) 

and hence by Lemma [2.191 11') and Lemma [2. 261 the eigenvalues of 2ft,^.VA(F7r) are 
(A, A + 2/?) + (tt* , tt* + 2p) - (A + to, a + n7 + 2p) = -2(A, -nj) + (vr* - iu, tt* + nj + 2p) 
with nj G yVe(7''*)- Since >Ve(^) = -VVe(7r*), we have the lemma. □ 
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Proof of Theorem E21 " the 2nd version. This proof differs from the previous one 
in how to deduce the condition H2.22|l . The rests of two proofs are the same. 

Note that for fixed and the value T(g^^e(-P'ir; depends 

algebraically on the parameter A S ag. Since the set 

5 = {A e a^; (Ae + w, a) G {0, 1,2,.. .} for m e WeiTT*) U {0} and a G ^{q) \ 9} 

is Zariski dense in Oq, we have only to show H2.22|l for A G S*. In this case we have 
from Lemma 1^.2 81 and the definition of qTr,e{x; A), 

h-iT,v^^ iq-!T,e{FiT; A)) = (77r,e(^7r,VAe i-F-^)^ ^) = 0- 

Hence q7r,e(-p7r; ^ Ann(y\e) for any and {i' On the other hand, 

if we take a highest weight vector v\ of Vx,^ , we get 

and therefore r((7^,e(-FV; A)(i/ jv)(jj)) =0. □ 
Theorem 2.29 (minimahty). Let A G Qq. 

i) The set of the roots of q^^ MeiWi'^) equals {{\q,vj) + DTr{vj)\ vo G We(7r)}. 

ii) // each root of qjr.six; A) is simple, then qT^.eix; A) — q-^ .Me{\){^) ■ Hence we call 
q7r,&{x; A) the global minimal polynomial of the pair (tt, Mq{X)). 

Proof, i) Fix an irreducible decomposition of the ge-niodule T^*|ge- Let 

■uji G a* be the highest weight of [/,;. With a suitable change of indices we may 
assume rajijuQ <e i^jlae implies i > j. Then putting Vi — t^iy we get a 

pe-stable filtration 

{0} = FoCi/iC...cK = y*|p^. 

Note that Vi/Vi^i ~ Ui is an irreducible pe-module on which tie acts trivially. 

Recall Me(A) ~ M(e,Ae) = Uio) <»u{pe) U(e,\s) and dimC/(e,Ae) = 1- Hence 
writing Ca instead of ?7(e,Ae) get by Theorem lA.il of Appendix IXI 

Afe(A) ®V*^ {U{2) ®uip^} Ca) ®V* C/(fl) <E>uipe) (Ca ® V*|pe) • 
Since Ca ®c ■ and U{q) ®u{pe) ' = U{ne) (E>c ■ are exact functors, putting Mi = 
Uis) ^u(p0) (Ca ® Vi) we get a g-stable filtration 

{0} = Mo C Afi C • • • C Af^ = A/e(A) ® 

with 

(2.25) M,/M,^i ~ i7(fl) ®c/(pe) (Ca ® U,) = M(0^Ae+t..)- 
Now as a subalgebra of End (Are(A) ®V*) we take 

^ {D; DMi C Af, for i = 1, . . . , k). 
Then by Lemma f2.26l and Lemma f2. 191 ii) we have ^(,r,Me(A)) ('/(^jt)) G ^ for any 
polynomial q(x) G C[x]. Let jy^ : A — > End (Afj/Afi_i) ~ End (Af(0 Ae+ro,)) ^ 
natural algebra homomorphism. Then using Lemma l2.26l and Lemma l2.19l ii) again 
we get 

(2.26) = i(A0,Ae + 2p> + i(-7f, -tt + 2p) - i(Ae + tn^. A© + + 2p) 
= (Ae, -ro-j) + DT,{-Wi). 

and therefore 

qTv,M&{\) ((Ae, -Wi) + -D7r(-tA7j)) = (77r,Me(A) (^/i (/l(ir, J\/e ( A)) (-^V )) ) 

= {h(7r,M0{X)) (97r,Me(A)(^7r))) 

= 0. 
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Since {vji} = We(7r*) = — >Ve(7r) we can conclude (Ae,t37) + D.^{w) is a root of 
the minimal polynomial for each va € We {'^) ■ Conversely Theorem 12.241 assures 
any other roots do not exist. 

ii) The claim immediately follows from i) and the definition of qTr,&{x; A). □ 

Remark 2.30. In generalit may happen for a certain A that g^_e(a;; A) ^ QTT,Me{\)ix). 
Such example is shown in j04j when q is 02n and A is invariant under an outer au- 
tomorphism of g, which is related to the following theorem. It gives more precise 
information on our minimal polynomials. 

Theorem 2.31. Let X e a^. Let We(7r) = w\uwl---U W^'' be a division 

o/ W'e(7r) into non-empty subsets Wx such that the relation Xq — zu E {w.(Ae — 

w'); w G W} holds for w, w' £ We(7r) if and only if va, w' £ Wx for some £. For 
each £ we denote by ki the maximal length of sequences {zu, zu' , . . . , zu"} of weights 

in Wx such that the restriction of each weight to Oe gives both strictly and linearly 
ordered sequences: 

i) (Ae, + F)-k{tj^) = {Xe, zj') + Djr{zj') if zj, zj' £ Wx for some £. 

ii) Let q{x) £ C[a;] and suppose for each £ — \, . . . ^mx, q{x) is a multiple of 
(x - (Ae,M - D^izu))"' with zu £ w{. Then q{F^)Me{X) = 0. 

Proof, i) By the M^-invariance of ( , ) and the assumption, we have 

(Ae + p — zu, Xq + p — w) — (Ae + p - ^' Ae + p - 'u^'), 

which implies the claim. 

ii) Use the notation in the proof of Theorem 12.291 Let M be a g-module and 
/U G o* . We say that a non-zero vector v in M is a generalized weight vector for 
the generalized infinitesimal character \x if for any A G ^(g) there exists a positive 
integer fc such that (A — Aa{p-))''v = 0. We denote by (M)(^) the submodule of M 
spanned by the generalized weight vectors for the generalized infinitesimal character 
fi. Note that (M)(^-) = (M)(^/) if and only if /i = w.fj,' for some w £ W. By virtue 
of H2.25|) and Remark l2.16l Me (A) (g) V* is uniquely decomposed as a direct sum of 
submodules in {(Afe(A) V^*)(Ae+t:a„); = 1, . . . ,«}. 

For i = 1, . . . , K using a pe-module 

define 

Af[,] = ;7(0) ®pe (Ca ® %) = [/(tie) ® Ca ® V[,]. 

It is naturally considered as a g-submodulc of Mi = C/(ne) Ca ® V^i- If we define 
the surjective homomorphism 

,Ae+roi) : 

then 

(2.27) Kerr[,]= ^ A^[,]. 

1^; |ag,<ero„ log, 

Since Af(e,Ae+roi) has infinitesimal character Ae + i^i we get 

A% = (Af[,])(Ae+^0 + J2 ^'h-V 
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Therefore we get inductively 

(2.28) M[,, = (M[,])(^3+^^)+ (A^M)(Ae+-„)- 

Notice that the g-homomorphism /i(7r,Afe(A)) (Ftt) leaves any g-submodule of Afe(A)® 
V* stable. Then from and (|?:^ ' 



C 




= E (^'^M)(Ae+ra.)- 

\0+zu^G{w.{^O+-^i);w(EW} 

By the relation {rxji} ~ We{TT*) — — VVe(7r) and the assumption of ii) we get 
inductively 

^(7r,Me(A))(9(-P'7r))(M[j])(Ae+t^,) = 9(^(7r,Me (A)) (^tt)) )(Ae+ro.) = {0} 

for i = 1, . . . , K. Now our claim is clear because by ()2.28(l we have 

Me(A) ®V*=J2 = E(*%)(^e+-0- ° 

4=1 J=l 

Corollary 2.32. Let r &e an involutive automorphism of Q which corresponds to 
an automorphism of the Dynkin diagram of g. Then T(a) = a and r(n) = n. 
Furthermore we suppose T(pe) — Pe, or equivalently, T(ae) = Qe- For vj £ a* 
we identify roj^^g^T as a linear function on (flg)^ by ■nj\(^^^^y{X) — {Xq,w) for 
A e (a^)^. Put 

^■K,e,T = {{'aj\(^aey,D^{m)); zu G >Ve(7r)}, 
g7r,e,r(a;; A) = J]^ (x - /i(A) - C). 

T/ien /or A G (oe)'^ ™^ /laue the following. 

i) g.,e,r(i^.;A)Me(A) = 0. 

ii) If each root of q^^Q r{x; \) is simple, then qTi^e.rix; X) = qTT,Me(X)i^)- 

Proof. We naturally identify pQ with an element in (Qq)"^. For a given pair of 
weights zUjVu' G >V0(7r) with wlog, <e T^'lae, choose the non-negative integers 
{ma, a G 5'(0)\e} so that nj'la^ - n7|oQ = I]c,e*(B)\e '^""Ue ■ Then w'laoipe)- 
MaeiPe) = Eae*(g)\e"^"("'/'e) > 0- simply shows 

{^\{aeyiF>T,{u7)) / (n7'|(aQ)x, i:)^(ro')). 
Hence from Theorem 12.311 we get i). Now ii) is clear from Theorem 12. 291 □ 

We will shift a* by p so that the action w.p = w{p + p) — p for p G a* and 
w € W changes into the natural action of W and then we can give the characteristic 
polynomial as a special case of the global minimal polynomials. The result itself is 
not new and it has already been studied in |Go2| . 
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Theorem 2.33 (Cayley-Hamilton |Go2| '). The characteristic polynomial q^ix) of 
TT is given by 

(tt, TT + 2p) — (n7, zu) ' 



(2.29) q^{x)^ H (, 



X — w 

roeW(7r) 

under the identification C[x] (E)S{a*)^ ~ C[a;] (E)S{a)^ by the symmetric 

bilinear form { , ) and the Harish- Chandra isomorphism: 

Z(0) ^ [/(a)^; A ^ T(A), 

T(A)(Ai) = A„(M-p)/or/iGa*. 

Here tt is identified with its highest weight. In particular q^rix) G 

Proof. Note that (tt, tt + 2p) = (7f,7f — 2p). Let q^rix) be the element of 
identified with the right-hand side of (1223) • Put V = J^i.j and Vp = 

{D„; D e V}. Then Theorem E21 with 9 = shows q(p) = for any p E a* 
and Q S Vq, which imphes Vo = {0}. Since V is ad(0)-stable, we have V — {0} 
as is shown in lOll Lemma 2.12]. Since the minimahty of q^rix) follows from 
Theorem 12. 291 wc get (7^(2;) = qT,{x). □ 

Corollary 2.34. i) Let q be a simple Lie algebra. Then the characteristic polyno- 
mial of the adjoint representation of g is given by 

1 — B{a, a) - 



\x — a — 

qGS(0)U{O} 

Here B{ , ) denotes the Killing form of Q. 

ii) Suppose that the representation tt is minuscule, that is, W{tt) is a single 
W -orbit. Then 

q^{x) ^ Yi [x-w - {tt,p)). 

Proof. This is a direct consequence of Theorem 12.331 and Lemma 12.191 v) . □ 

Corollary 2.35. Put q^{x) = + Aix"^-^ H h A^n-ix + A„ with Aj e Z{g) 

and define 

= - AiF;'-^ A„_i/^. 

Then 

(it, tt + 2p) - (tu, tu) 



N, 



In particular, F.^ is invertible in M(^N, Z{Q)^z{s)^i9)) with the quotient field Z (q) 
ofZ{2). 

In the next definition and the subsequent proposition, we do not assume (|2.7|l . 
Namely, g is a general reductive Lie algebra and (tt, V) denotes a finite dimensional 
irreducible representation which is not necessarily faithful. Moreover we use the 
symbol ( , ) for the symmetric bilinear form on a* defined by the restriction of the 
Killing form of g. 

Definition 2.36 (dominant minuscule weight). We say a weight TTmin of tt is dom- 
inant and minuscule if 

(TTmin, oi) > for aU a e S(0)^ 

and 

(TTmin, TTmin) < (w, ^) for all m S W{tt). 
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If the highest weight of vr is dominant and minuscule, then (tt, V) is called a mi- 
nuscule representation. 

Proposition 2.37. Put ^'(g) = {ai, . . . , ar} and define — for a e ^(g). 

Let (tt, be a finite dimensional irreducible representation of q. Let VTmin be a 
dominant minuscule weight of?:. 

i) // the highest weight of t: is in the root lattice, then TTmin = 0. 

ii) TTiiiin is uniquely determined by tt. Moreover if {t:\V') is a finite dimensional 
irreducible representation of g such that the difference of the highest weight of vr' 
and that of n is in the root lattice o/I](g), then TTmin = '"'min- 

iii) w e ^^(Tr) is a dominant minuscule weight if and only if 

(2.30) (nj, a"") e {0, 1} for all a e S(fl)+. 

iv) If t: is a minuscule representation, then W(7r) — WiTyain- 

v) Suppose g is simple. Let :~ {c*^; ck G ^(g)} be the dual root system of 
E(g). Let (3 be the maximal root of Yi{q)^ and put (3 = '^l^i'riia'^ . Define the 
fundamental weights Ai by (Ai,aJ) — Sij. Then ir is a minuscule representation if 
and only if its highest weight is or Ai with Ui — 1. 

Proof. For a e S(g) we denote by g" the Lie algebra generated by the root vectors 
corresponding to a and —a. Note that g" is isomorphic to 512. 

i) Suppose the highest weight of tt is in the root lattice. Put m — X]i=i ^i{'^)o!.i 
for S >V(7r). Note that mi{vj) are integers. Let wo £ W{n) such that mi{vjo) > 
and Yl'i^i 'mi{'cuo) < X][=i '"T-i(^) foi' G W^(7r) satisfying mi{-cu) > for i = 
1, . . . , r. The existence of zuq is clear because mi(7r) > for i — 1, . . . , r. Suppose 
wq ^ 0. Since < {tuo,zuo) = ^[^j^ mi(7i7o)(wo, cti), there exists an index k such 
that {tjjo, ak) > and mfc(-n7o) > 0. Hence wq — ctk G yV(7r) by the representation 
TrlgOfc , which contradicts the assumption for ujq. Thus = tuq e yV(7r) and TTmin = 
0. 

ii) - iv) Suppose the existence of a G ^(fl)^ with (TTmin, oi^) > 1- Then it follows 
from the representation 7r|ga that TT^in — a G W(tt) and (vTmin, TT^in) — (TTmin ~ 
ck, TTmin — a) — 2(TTmin,a} ~ {a, a) > 0, wliich contradicts the assumption of TTmin- 
Thus we have ()2.3Q(I for = TTmin- 

Suppose TT is an irreducible representation of g with the highest weight zu sat- 
isfying (|Onjl . Suppose >V(tt) ^ Wm. Then there exist /i G Wm and n' G W(tt) 
such that /i' ^ Wtu with a :— /.i — fi' £ 5](g). By the M^-invariance we may assume 
fi = vj and therefore fi' ~ uj — a with a G S(g)+. Then by the representation tt^q 
together with the condition H2.30(l we have (nj, a^) = 1 and /i' = WaT^, which is a 
contradiction. Thus we have iv). 

Let w and w' be the elements of a* satisfying the condition l|2.3()|l . Then m" := 
w — vj' satisfies (w", a^) G { — 1, 0, 1} for a G ^(g). Suppose that vj" is in the root 
lattice. Let toq G Ww" such that (otq, a) > for a G S(g)+. Since njo also satisfies 
(|2.30l) . the finite dimensional irreducible representation ttq with the highest weight 
vjQ is minuscule by the argument above. Since vjq is in the root lattice, vjq = by 
i) and hence w = w' . Thus we obtain ii) and iii). 

v) Let a G S(g)+. If we denote = Si=i > then ni(a) < for 
? = 1, . . . , r. Hence the claim is clear. □ 

Remark 2.38. Equivalent contents of Proposition 12.371 are found in exercises of 
USD, Ch. VI. 

Restore the previous setting (|2.7|l on g and (tt, V). 

Proposition 2.39. i) Let denote the weight space ofV with weight w G yV(Tr). 
Define the projection map pe : W(tt) VV(Tr)|uQ bypQ^zu) — vj\aQ and put V (A) = 
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E^ep-(A) for A e W(^)|„e . Then 

(2.31) V= V{k) 

is a direct sum decomposition of the QQ-module V. 

Let V{h) = y(A)i©- • ■®V{K)k^ be a decomposition into irreducible QQ-modules. 
We denote by tu\ the dominant minuscule weight of {T:\g^,V{A)i). Then 

kA 

(2.32) V^^ = n F(A), with dim V^^ n ViA), > 0. 

1=1 

In particular, V{A) is an irreducible gQ-module if diiaV^f^ — 1. 

ii) Put ^(g) = {ai, • • ■ , Ur} and put ^'(g) \ 6 = {<^ii : • • • i ctit }> define the map 



and put 



pe: S(0) ^ Z'^ 



Le = {0}U{pe(a); a e I](0)}, 

^ CX^ tf m^O, 

a+ ^ CXa if m^O 



V{ui) = 



QGPg, (m) 



for m G £e- Then 

(2.33) 0= F(m) 

zs a decomposition of the QQ-module q. If m ^ 0, then V^(m) is an irreducible Qq- 
module. On the other hand, V{0) — 0e is isomorphic to the adjoint representation 
of 0e = Oe®tne- Let = 0iU02U - • - UG^ be the division ofQ into the connected 
parts of vertexes in the Dynkin diagram o/\I'(0). T/ien me = tnei ©TUes © ■ ' '©TTief 
gives a decomposition into irreducible gQ-modules. 

iii) Suppose that the representation (tt, V) is minuscule. Put — {w G W; wtt = 
tt}. Here we identify tt with its highest weight. Let {wi, . . . ,Wk} be a representative 
system of W'^\W/W0 such that Wi G W{Q). Then with the notation in i) 

fe 

(2.34) v = ^V{wr\\,^) 

i=l 

gives a decomposition into irreducible QQ-modules. Moreover the gQ-submodule 
V{w~^TT\a^) has highest weight w~^7r. 

Proof, i) Since a|ag, =0 for a G 0, H2.31() is a decomposition into 0e-modules. Then 
Proposition 12 . 3 7l ii) implies that njA is the minuscule weight for any {Tr\g^,V{A)i) 
and therefore the other statements in i) are clear. 

ii) Note that ai^joQ, . . . ,aiJoe ^''^ linearly independent and 0e = V{0). Then 
the statements in ii) follows from i). 

iii) From i) each V{w^^n\a^^) is an irreducible 0e-module and 

Since Wi G W{Q) we have w^^n + a ^ W{n) for a G S(0e)^- It shows the highest 
weight of V{w^^n\aQ) is w^^n. Since w^^n ^ wj^n if i ^ j we have (|2.34f) . □ 
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We give the minimal polynomials for some representations in the following propo- 
sition as a corollary of Lemma [2. 191 and Proposition 12.391 

Proposition 2.40. Retain the notation in Theorem l2.24l and Proposition 12. 39L 
i) (multiplicity free representation) Suppose dmiV^ — 1 for any vd G W(7r). Let A 
he the lowest weight o/ (7r|gQ , y(A)) for A £ yV(7r)|ag,. Then 

g^,0(a;;A)= Y[ Lt - (A©, A) - i(7f - A, vf + A - 2p) j 

^^'^^^ TT ^ /^ IN / X (^,7r)-(A,A) 

= 11 U-(Ae+P,A) + (7r,p)-^' 



2 



ii) (adjoint representation) Suppose q is simple and 0^0. Let ~ Oi Li ■■■ U Qi 
be the division in Proposition 12.391 ii) . Let a^^^^ denote the maximal root of the 
simple Lie algebra xxiq- for i = Put 

ne = {B{al,^^, ai,^^ + 2p(ei)), . . . , B{ai,^^, af^^^ + 2p{Qe))}- 

Let Qfm be the smallest root in pQ^(m) for m G Lq \ {0} under the order in Defi- 
nition 1^201 Then for the adjoint representation of q, 

(2.36) 9„._,e(a;; A) = ^ ^) JI " 



I X - B{Xe + p, am) ^ I 



meLe\{0} 

iii) (minuscule representation) Suppose (tt, T^) is minuscule. Then with wi, . . . ,Wk 
in Proposition 12 . 391 iiil . 

fe 

(2.37) q^^eix; A) = " (^e + /'e ~ P(®^) + ^)) ■ 

1=1 

Proof. It is easy to get i) and ii). 

iii) Let wq denote the longest element in Wq. Then the ge-module y(w~^7r|oQ) 
has lowest weight wqw^^t:. The claim follows from the next calculation: 

{Xe,wew~^TT) + -(tt - wqwI^tt, tt + wqw~^tt - 2p) 
^ (Ae + p, u'eWj^ V) + {p, tt) 

= {wiWeiXe + p)+ p,tt) = (^^(Ae + Pe - p(0)) +P, tt). □ 
3. Two-sided ideals 
Our main concern in this paper is the following two-sided ideal. 
Definition 3.1 (gap). Let A G Oq. If a two-sided ideal Iq{X) of U{2) satisfies 

(3.1) Je(A) = /e(A) + J(Ae), 

then we say that /e(A) describes the gap between the generalized Verma module 
Me (A) and the Verma module M{Xq). 

It is clear that there exists a two-sided ideal Ie{X) satisfying H3.1|l if and only if 

(3.2) JeiX) = Ann(A/0(A)) + J{Xe). 

This condition depends on A but such an ideal exists and is essentially unique for 
a generic A (cf. Proposition l3.11l Theorem 13. 121 Remark |4.14|I . The main purpose 
in this paper is to construct a good generator system of the ideal from a minimal 
polynomial. 
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Definition 3.2 (two-sided ideal). Using the global minimal polynomial defined in 
the last section, we define a two-sided ideal of U{g): 

(3.3) /.,e(A) = ^C/(0)g.,e(F,;A),j + ^ {/(fl)(A - A„(Ae)). 

From Theorem 12 . 241 and Remark |2 . 161 this ideal satisfies 

(3.4) /,,0(A) c Je(A). 

In this section we will examine the condition so that 

(3.5) Je(A) = /,^e(A)-H J(Ae). 

Proposition 3.3 (invariant differential operators). For A e Z{g) and a non- 

(k) 

negative integer k we denote by Aa the homogeneous part of Aq with degree k and 
put 

(3.6) T^'^' = ^A^)^''- 

Here m.^{uj) is the multiplicity of the weight w of t: and we use the identification 
tu e a* ~ a C U{a). Let {Ai,...,Ar} be a system of generators of Z{2) as 
an algebra over C and let di be the degree of (Ai)u for i = 1, . . . ,r. We assume 
that (Ai)i'''\...,(Ar) o are algebraically independent. Suppose a subset A of 
{1, . . . , r} satisfies 

„^ Mfc > deg^g^,e(a;,A) if k e {I, . . . ,r} \ A, 
^ • ^ \c[(Ai)('^^\...,(A,)('^-)]=C[(A,Oi'''\ri''''^*G A fce{l,...,r}\A]. 
Then 

(3.8) I,,e(A) = U{Q)q.MF.\ A)„- + ^ U{q){A, - (AJJAe)) . 

Proof Note that Y.^,J U {Q)q^ ,e(F^] A)y 3 Tia.ce{F^q^,0{F^; A)) if i/ > 0. On the 
other hand, since Trace(F^''q^,e(i^7r; A)) = T^'^''^ by Lemma ESS with 9 = 
if the integer ik — dk — deg^((7^_e(-f7r; A)) is non-negative, the assumption implies 
that for k ^ A, A^ may be replaced by Trace(i^^'°q7r,e (-PV; A)) , which implies the 
proposition. □ 

Lemma 3.4. Let V be an a.d{Q)- stable subspace of U{2) and let V = 

the decomposition of V into the weight spaces with weight nj e a*. Suppose 

-Da(Ae) — for D G Vq. Then the following three conditions are equivalent. 

i) Je(A) cC/(0)V + J(Ae). 

ii) For any a G O there exists D G V_c( such that D — X^a £ >/(Ae). 

iii) For any a G there exists D G Vq such that Da{Xs ~ a) ^ 0. 

Proof. Let U{q) — 0^ U{q)t^ be the decomposition of U{q) into the weight spaces 
U{s)^ with weight m G a*. Let ^ G a*. Since U{g) = [/(fi) © J(^), to D G ?7(0), 
there corresponds a unique Z?^ G U{n) such that D — D^^ G J(m)- Here we note that 
D G C/(0)ro implies Z?^ G U{n)^ and that i:"" = Da{^i) G C whenever D G [/(0)o. 

Put = {D^'] D G V}. Since ad(X)V C V for X G b, we have PD G 
V + J(^) and therefore [PDY G V for every P G C/(b) and I? G V. Owing to 
[/(g) = C/(ta) ® f/(b), we have 

(3.9) £» G U{q)Y} = C/(t;)V^. 
Note that 

(3.10) V = ^^{(Vro)^; = — n-y7 for some non-negative integers n-y}. 

76*(b) 
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Suppose i). Let a e 6. Since X^a £ «/e(A) \ J(Ae), there exists D e C/(0)V 
with D^"^ = X-a- On the other hand, we can deduce (t/(n)V'^^)_^ — (V-a)^^ 
from H3.10|) because the assumption of the lemma assures (Vq)'*"^ = 0. Hence from 
1)3. 9(1 we may assume D G V_q,. Thus we have ii). 

It is clear that u) imphes i) because Jo (A) = J(Ae) + X^qgo U{g)X^a- 
Let a G Q. Since ad{H)X^a — —a{H)X^a for H G a, we have Hi ■ ■ ■ HkX^a = 
X^a,{Hi - a{Hi)) ■■■{Hk- a{Hk)) for Hi,...,Hk € a. We also have X^X^^, e 
J{Xe) for 7 G because Ae([-'s^a, ^-q]) = and G n if 7 7^ a. 

Hence for any D e U{g)o, 

(3.11) (ad(X_„)i?)^« = = (i?„(Ae) - /?a(Ae - a))X_„. 

Now it is clear that iii) implies ii). 

Conversely suppose ii). Let a G 9. Since V_q = ad(X_Q)Vo, there exists 
Z? G Vo with (ad(X_a)i:»)^«' = and we have iii) from (|XTT|l . □ 

Remark 3.5. In the above lemma Ae — a = w^.Ae for a G O because (Ae, a) — 0. 

By the Dm/j!o theorem ([E|), Ann(M(/Lt)) = X]agz(b) ^(0)(^ ~ ^a(Ai)) for any 
II G a*. Then, by the following theorem, each Ann(M(/i)) has the same ad(g)- 
module structure. 



Theorem 3.6 (the Kostant theorem |Kolj ). There exists an ad{g)-submodule Ti. 
of U{g) such that U{q) is naturally isomorphic to Z{g) (E)Ti. by the multiplication. 
For any finite dimensional Q-module V, dimHomg (V,7i) = dimVo. 

Similarly on the annihilators of generalized Verma modules we have 

Proposition 3.7. Suppose Ae + p is dominant. Then for any finite dimensional 
Q-module V and TL in Theorem 13.61 

dimHomg (V, Ann(Me(A))/Ann(M(Ae))) 

= dimHomg (V,H n Ann(Afe(A))) = dimVo - dimV^e 

where = [y g V; = (VX G fle)}- 

Before proving the proposition, we accumulate some necessary facts from |BGG| . 

Eni and im. 

Definition 3.8 (category O |B(i!(Tp . Let O be the abelian category consisting of 
the 0-modules which are finitely generated, o*-diagonalizable and ?7(n)-finite. All 
subquotients of Verma modules are objects of O. For /j, G a* we denote by L{n) 
the unique irreducible quotient of the Verma module M{fi). There exists a unique 
indecomposable projective object P(^) G O such that Homg(P(^), L(^)) ^ 0. 

Proposition 3.9 ^ |BGGj . |BG| ). i) If ij + p is dominant, then P{n) — M{fj,) and 

dimHomg(Af(^),Af(/i')) = 
ii) For any p, fj,' G a* 

dimHom£,(P(^),L(^')) = \ 



if = A*, 
if p' ^ fi. 



if fi' = fi, 
if ^ [I. 



iii) For any finite dimensional Q-module V and /i G a*, V (g) P(/i) is a projective 
object in O . 
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Proposition 3.10 ([121, US)- Suppose /i G 0* and ^ + p is dominant. Then the 
map 

(3.12) {/ C [/(g); two-sided ideal, I D Ann(A/(^))} ^ {M C A^(m); submodule} 

defined hy I IM{fj.) is injective and hence Ann(M(/x)//A/(/i)) — I for any two- 
sided ideal I with I D Ann(Af(/x)). The image of the map (|3.12|l consists of the 
submodules which are isomorphic to quotients of direct sums of P(/i') with 

(3.13) ^ -1, -2, . . .} for any (3 G Y.{q)+ such that {/i + p, P) ^ 0. 

Proof of Proposition 13. 71 We first sliow the map 

(3.14) Honij, (V, W) 9 ^ $ e Hoing (V ® M(Ae), M(Ae)) 

defined by $(w(X)u) = (p{v)u is a linear isomorpliism. Since U (g) = 7i©Ann(Af (Ae)) 
the map is injective. To show the surjectivity we calculate the dimensions of both 
spaces. By Theorem 13. 61 dim Hom,n (V,H) = dimVo. On the other hand, note that 

Honij, (V (g, M{Xe),M{Xe)) ^ Homg (A/(Ae), A/(Ae) ® V*) 

and there exist a sequence {pi, . . . , pi} C a* and a g-stable filtration 

{0} = Afo C A/i C • ■ • C Mi = Af (Ae) ® V* 

such that Mi/Mi^i ~ M{pi) for i ~ !,...,£. Here the number of appearances 
of Ae in the sequence {pi, . . . , pi} equals dimVp = dimVo (cf. the proof of The- 
orem Since Ae + p is dominant, it follows from Proposition 13.91 i) that 
dimHomg (A/(Ae), Ar(Ae) ® V*) = dimVo. Thus IpTTijl is isomorphism. 
Secondly, consider the exact sequence 

^ Je(A)/J(A0) ^ Af(A0) ^ Afe(A) ^ 0. 

It is clear that under the isomorphism (|3.14(l the subspace 

Honig (V, n n Ann(A/e(A))) C Hom^ (V, H) 

corresponds to the subspace 

Homg (V ® A//(Ae), Je(A)/ J(Ae)) C Hom^ (V ® M(Ae), A/(A0)) . 

Let us calculate the dimension of the latter space. By Proposition 13.91 i) and iii), 
V M(Ae) is projective and therefore 

dimHomg (V (g) Af (Ae), Je(A)/J(Ae)) 

= dimHomg (V ® A./(Ae), Af (Ae)) - dimHom^ (V Af (A©), Afe(A)) . 

Here we know 

Homg (V (g) Af (Ae), Afe(A)) - Hom^ (Af (A©), Afe(A) ® V*) 

and there exist a sequence {pi, . . . , pi'} C a* and a g-stable filtration 

{0} = Afo C Afi C • • • C Mf, = Afe(A) ® V* 

such that Mi/Mi^i ~ Af(Q^.) for i — !,...,£'. The number of appearances of 
Ae in the sequence {pi, . . . , pii} equals dim(V*)£""' = dimV^^ (cf. the proof of 
Theorem l2.29|l . Since the generalized Verma module Af(Q^^.) is a quotient of M{pi), 
Proposition EH i) implies dimHomg (Af (Ae), Afe(A) V* ) = dimVse. xhus the 
proposition is proved. □ 
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Proposition 3.11 (Harish-Chandra homomorphism). Let I be a two-sided ideal 
of U{g). Put V{I) = {m e a; D^{p) = (Vi? G /)}. 
i) Fix a e ^ie). If V{I) and 

(3.15) 2i/i±^^ {1,2,3,...}, 

{a, a) 

then Wa-H G V(/). 

11) Suppose A e Oq and 

(3.16) Je(A) = / + J(Ae). 
Then w.Xe i V(/) for w G 1^© \ {e}. 

Hi) In addition to the assumption of 11) , suppose Xq + p is dominant and 

(3.17) / D Ann(M(Ae)). 
Then I = Ann{Me{X)) and 

(3.18) V(/) = {w.Xe; w g W{Q)}. 

Proof. 1) Note that p, G V(/) If and only If / C Ann(L(^)). It Is known by [jl] that 
Ann(L(/x)) C Ann(L(wct./K)) If (|3.15|) holds, which Implies 1). 

II) Since / C Ann(Me(A)) C Ann(L(Ae)) we have Ae G V(/). Put W' ^ [w <^ 
We \ {e}; w.Xe e V(/)}. Then, by Lemma EH with Y = I, Wa i W for any 
a G G. Suppose W' ^ 0. Let w' be an element of W' with the minimal length. 
Then there exists a G G such that the length of w" — Waw' Is smaller than that of 
w' . Then w" ^ e and 

^ {w'.Xe+ p, a) ^ g {w'p, a) ^ ^ 
(a, a) {a, a) 

Hence by 1), we have w" .p G V(/), which Is a contradiction. 

III) It Immediately follows from Proposition 13 . 1 Ol that / — Ann(Afe(A)). Since 
Ann(M(Ae)) = EAez(g) t^(0)(A - Aa(Ae)), V(/) C {w.Xe; w G W}. Let w = 
w{Q)we G W with w{&) G W{Q) and we G We- Suppose w{Q) ^ e. Then there 
exists a G ^'(g) such that the length of Waw{'d) Is less than that of w{@). For this 
root a we have Waw{Q) G VF(6) and w(9)^^a, u;Q^ti;(6)^^a G S(0)~ \ S(ge). 
The assumption thereby Implies 

^ iw.Xe+P,a) 
{a, a) 

Hence {waw).Xe G V(/) provided that w.Ae G V(/), which assures 

(3.19) V(/) n {{Wie)we).Xe; weeWe\ {e}} = 

by 11) and the Induction on the length of w{Q). Similarly we can show that V(/) D 
{w.Xe; w G 14^(6)} If 

(3.20) 2%±4^^ {1,2,3,...} (VaGS(g)+\S(0e)). 

[a, a) ^ ' 

Let us remove the condition (|3.2l)|) by Proposltlon l3.7l Since ?7(g) = 7i©Ann(Af(Ae)) , 

we have only to show for each finite dimensional g-module V 

(3.21) 

{ip(v))J(w.Xe) = (V(/3 G Homg (V, H n Ann(Me(A))) ,Vw G V,Vio G W{<S)^. 

For D G [/(g) we denote by a unique clement of \J[xve) such that D — G 
Jo (A). Then If G Homj, (V, H) belongs to Hom^ (V, H n Ann(Afe(A))) If and only 
If (p{v)^ = for w G V^. Let k = dim Vq and take ipi, . . . ,ipk G Hom^ (V, H) so that 
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they constitute a basis. Note that for v & Y and i = 1, . . . , k, ^Pi{v)^ are U{nQ)- 
valued polynomials in A. Let £ = fc — dimV^**. Then by ProDOsition l3.7l there exist 
an open neighborhood 5 C of the point in question and complex-valued rational 
functions fly (A) on S such that 

aij{\)ipi + a2j{X)ip2 H h akj{X)ipk (j = 1, . . . 

form a basis of Hom^ (V, H n Ann(il/e(A))) for any X ^ S. Since generic A G 5 
satisfy (pnHjl . IpT^ holds for any X& S. □ 

On the existence of a two-sided ideal /e(A) satisfying H3.1|l . we have 

Theorem 3.12. Suppose Xq + p is dominant. Then the following four conditions 
are equivalent. 

i) Je(A) - Ann(Afe(A)) + J(Ae). 

ii) If 13 e \ S(0e) satisfies (Ae = 0, then {(3, a) = for all a G 6. 

iii) W^(e).AenW^e.Ae = {Ae}- 

iv) IfwQ e We satisfies {W(Q)wq).Xb n 14^(6). Ae ^ 0, t/ien we = e. 
/n particular, if Xq + p is regular, these conditions are satisfied. 

Proof, iv) =^ iii) is obvious. 

iii) ii). Suppose there exist f3 S 5](g)+ \ S(ge) and a G 9 such that (Ae + 
p,f3) = and (/?, a) ^ 0. For 7 e I](ge)^ we have 

^ (Ae+p,w/37) ^g (^e+p,7) ^o ^^'^^ C [1 2 } 
(u;^7,W/37) (7,7) (7,7) 

which shows (/3,7} < and w^g G M^(0). In particular (/?, a) < and hence 
WaWp e W{Q). Now we get {waWp).XQ = Wo-.Ae, a contradiction. 

ii) =J> i). For each a G we define the g-homomorphism M(Ae — a) ^ M(Ae) 
by D mod J(Ae — a) i— > DX-a mod J(Ae). This is an injection and therefore we 
identify its image with Af(Ae — a). Note that 

^ M(A0 - a) - (j(Ae) + ^ C/(0)X_„) / J(Ae) - Je(A)/J(Ae) 

and we have a surjection P(Ae — a) ^ M(Ae — a) by Proposition l3.9l ii). Moreover 
it is clear that the condition H3.13|l with (^, /i') — (Ae, Ae — a) holds for each a G 8. 
Hence by Proposition l3 . 1 01 we have a two-sided ideal / containing Ann(M(Ae)) such 
that IM{Xe) = Je(A)/J (Ae). The n / = Ann(Afe(A)) and Je(A) = / + J(Ae). 
i) => iv) follows from iITH^ and □ 

Remark 3.13. Through /Tr.e, we will get in f^lmany sufficient conditions for H3.2|l . 
which are effective even if Ae + p is not dominant. 

Definition 3.14 (extremal low weight). For a simple root a G '^(g), we call a 
minimal element of {ru G W(7r); {ru^a) ^ 0} under the order < in Definition 12.201 
an extremal low weight of tt with respect to a. 

Since tt is a faithful representation, n(X^a) is not zero and therefore an extremal 
low weight zua with respect to a always exists but it may not be unique. The main 
purpose in this section is to calculate the function 

(3.22) al^3X^ (g,,e(i^.; A)^„^„) ^(Ae - a) 

on . If for any a G 8 there exists tUq such that the value of the corresponding 
function H3.22|l does not vanish, Lemma [3.41 assures (|3.5|l . 
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Lemma 3.15. Fix a G ^(fl) and let vua he an extremal low weight of tt with 
respect to a. For A = X];36*(g) "^pP G A* V^t |A| = X]/3g*(b) '^^^'^ there exists 
{71,..., 7x} C vE'(b) wii/i 7_fs- = a suc/i i/iat the following H3.24|l /loZd hy 
denoting 

(3.23) = Wa — ^ 7iy- 

(3.24) K = \v3a — TT I + 1 and tux — tt, 

(3.25) (^,,7,} <0/ori = l,...,if, 

(3.26) (ro»,7j)-0z/l<i<j<if, 

(3.27) (7i,7i) 7^ i/ anrf on^?/ i/ |i - j| < 1, 

(3.28) {zx7i, . . . , voK-\\ = {nj' e W(7r); vj' < zua}, 

(3.29) nji is an extremal low weight of?: with respect to 7^ for i — 1, . . . , 

(3.30) the multiplicity of the weight space of the weight voi equals 1. 

The sequence 71, ... , is unique hy the condition wi, . . . , wk G W{n). The part 
of the partially ordered set of the weights of tt which are smaller or equal to nj^ is 
as follows: 

/0 01^ - ^1 IK-I lK=a 
[o.oL ) Wl = TT > 7x72 ^ ^3 ^ * — '^a ^ 

Proof. Let 71, ... , be a sequence of ^(g) satisfying H3.24|l . — a, and vui, . . . , t37i<- G 
W(7r) under the notation (|3.23|) . The existence of such a sequence is clear. We shall 
prove by the induction on K that such a sequence is unique and that it satisfies 

By the minimality of tUa we have {vDi,a) — for i = I, . . . , K — I. Hence 
(7i, a) = {tUi+i-TUi,a) = for i = 1, . . . , K -2 and (7k_i, a) = (nja-nj^-i, a) = 
(toq, a) < 0. Thus we get 7^ ^ a for i = 1, . . . , A' — 1. Moreover zua — Ji ^ VV(7r) 
for i — I, . . . , K — 2 because {wa — li,oi) — {'^a, a) ^ and nj^ is minimal. This 
means {zu' G W(7r); ro' < Wa} = {^k-i} U {cc' G W{n); zu' < vjk-i}- 

Suppose {vok-It^k-i) > 0. Then vok-i — 7a'-i G yV(7r) because tuk-i + 
7i<-_i = vJa £ W(7r). Hence (ii7/(-_i — ^k-ItOl) = — (7x_i,a} > 0, which contra- 
dicts with the minimality of vja. Thus we get {ujk-i, 1k-i) < 0. 

Suppose wk-i is not an extremal low weight with respect to 7i<--i. Then there 
exists an extremal low weight tu' with respect to ^k-i such that vj' < wk-i- Then 
W(7r) 3 vj' + "fK-i < '^a and {m' + 77^-1, a) — = by the minimality 

of VJa- It is a contradiction. Hence vjk-i is an extremal low weight with respect 
to 7K-1- 

Now by the induction hypothesis we obtain the uniqueness and (|3.25|) - (|3.29|l . 
Note that follows from the uniqueness and the following lemma because 

V = C/(n)w7f with a lowest weight vector u^r of tt. □ 

Lemma 3.16. U{n) is generated by {X^; 7 G ^(g)} as a suhalgehra ofU{g). 

Proof. Let U denote the algebra generated by {X^; 7 G ^(o)}- It is sufficient to 
show that Xp G U for /3 G ^(g)^, which is proved by the induction on as 
follows. If \I3\ > 1, there exists 7 G ^'(fl) such that /3' = /? - 7 g S(0)+. Then 
Xp = C{X^Xpi —XfjiX^) with a constant C G C. Hence the condition X^, Xpi G U 
implies Xjs G C/. □ 



Remark 3.17. By virtue of l|3.27|l the Dynkin diagram of the system {71, . . . ,7_fs-} 
in Lemma FS.lSl is of type Ak or Bk or Ck or F4 or G2 where 71 and 7^ correspond 
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to the end points of the diagram. Note that 

(3.32) (tt, 7i) < and (tt , 7^} = for i = 2, . . . , X. 

Conversely if a subsystem {71,..., 7^^} C ^"(0) satisfies (|3.27|l and H3.32|l then 
TT + 7i + • ■ • + "/K~i is an extremal low weight with respect to 7^. Hence we have 
at most three different extremal low weights of tt with respect to a fixed a G ^'(fl). 

The next lemma is studied in |()4I Lemma 3.5]. It gives the solutions for the 
recursive equations which play key roles in the calculation of H3.22|l . 

Lemma 3.18. For k — 0, 1, . . . and i = 1,2,..., define the polynomial f{k, £) in 
the variables si, . . . , si-i, ni, 112, ■ ■ ■ recursively by 



(3.33) f{k,£) = 



'1 if k = 0, 

f{k-l,£){^l,~^ik)+E s,f{k-i,iy) if k>i. 



Moreover for k = 1,2,... and £ = 1,2,..., define the polynomial g{k,£) in the 
variables si, . . . , Sf_i, /zi, ^2, ■ ■ ■ recursively by 



(3.34) gik,£) 



I 1 «/ fc = 1, 

[g{k~l,£){t-tik) + f{k-l,e) if k>l. 

Then the following (|3.35(l - ()3.37(l hold. 

(3.35) f{k,£) =0 for k>£, 

f.-i 

(3.36) f{l~l,£)^\{{^li- ^l, + s,), 

e-1 k 

(3.37) g{k,£) = Y[{t^ fi, + s,) Y[ {t-ii,) for k>£. 

Now recall with 6 = 0. Let e U{a) be the element in (E!^ corre- 

sponding to the weight vJi for i — 1, . . . , under the notation in Lemma l3.15l Then 
Lemma [3.151 and Lemma [2.191 iv) with t — \, fi = Wi — Wi, G ^(3)+ {1 < 1^ < i) 
and m = vj^ show that (|2.2U|) is reduced to 

(3.38) - Ff -tik + D^{w,)) 

= ^ {w^,w.i - nj,,)Fl;-^ mod[/(0)n. 

l<i/<i 

Since {wi, Xq) = {-cui, Xq — a) for i — 1, . . . , K — I, H3.38|l inductively implies 

(3.39) (i^^)JAe) = (i^^)„(Ae-a) for z = 1, . . . , if - 1 and fc = 0, 1, . . . . 
From (|3.26|l we have 

{m^,tUi — -ujy) = {w^, 7iy + • ■ • + 7i-i) = (tUy, 7,y) 

and hence 

+ F^-^{'w^,w,+i - Tu,) - F^-^{w^ - Hk + D^{m,)) mod U{g)n 

= (Pt+u+i - Ft'){r^^+l - Mfe + i^.(n7,+i)) + Ft\. 

The last equality above follows from Lemma |2. 221 i) with m = Wi and w' = Wi+i 
because 7^ ~ '^i+i — vji ^ ^(fl)- Hence by the induction on k we have 

mod(7(0)n + [/(0)7^. 
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Now consider general 6 C "i^ig)- Define integers no, ni, . . . ,12^ with uq = < 
ni < ■ ■ ■ < ul — K such that 

{ni,...,nL-i} = {i^ e {1,...,K i 6}. 

If rif-i < V < ni^ then 7^ G 0, which implies (7^, Ae) = and hence 

(-P^+ii.+i)(,('^e) = (-F^,y)(,(Ae)- 

We note that w„o+i|aQ <e '^n^JrAm <e • • ■ <e ^^ni_i+i|ae and 

{ro„(,+i, . . . , n7„^_j+i} = {nj' e We(7r); < tHq,}. 

Put [ii = (tA7„^_j+i, Ae) + DxC^^nf-i+i) for £ = 1, . . . , L. Since nfci(2; ~ /^f) is 
a divisor of 9,7,0(2:; A), we can take /i^ for ^ = i + 1, L + 2, . . . , L' = deg^, qTT,Q(x] A) 

so that q-n,e{x; A) = nLiC^^ - 

For fc = 0, 1, . . . , L' and ^ = 1, 2, . . . , L we define 

Then putting 

we have from (|3.88(l with i = n^-i + 1 

£-1 

f{kj) = /(fc - 1,^)(a., - ^fc) + ^ s,/(fc - 1, j). 

i=i 

From 1)3. 39() and H3.38|l with i = ul = K we also have 

(^iif)a(Ae " a) = (^^y),(Ae - A© - a) + ^^(tn„) - /ife) 

L-l / A'-l \ 

j=i yi/=ni,_i+i y 

Hence by Lemma [2.221 1') 



/(fc,L)-(f^^)JAe-a) 
(wq, a) 

_ /(fc-l,L)-(F^^i)JAe~a) 



((njQ, Ae - a) + D„{wa) - ^J.k) 

+ /(fc~l,L). 



Now applying Lemma 13.181 to 

/(fc,£)-(f^^)^(Ae~«) 
g(^/s, i^j — — 

{Wa,a) 
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with t — {zua, Xq — a) + DTj-{'CDa), we obtain 
(^TT.el^Tr; A)ro„„^^ (Ae-a) 

L-l 

= -{-cua, a) Y[ ((^a; Xe - a) + D^{zua) - Hl + Si^ 
e=i 

L' 

■ Yi (^{i^aAe - a) + D^{Wa) - 
e=L+i 

L-l 

1=1 

■ n («-M,Ae)+i?.M-C). 

(M,c)Gn,,e\a^° 

Here we put = zua + a G yV(7r) and 

(3.40) 17^;e = {(^lce,^xM);^eWe(7r), tu < tuo} 
for Wo e yV(7r). To deduce the last equality, we have used 

IJLt- St= (tx7„j, Ae) + DT,{zDnt + l) li I < I < L - 1. 

Definition 3.19. Suppose a G O and zua is an extremal low weight of tt with 
respect to a. Put w'^ = Wa + a G W(7r) and 

{tui, . . . , vdk} = G W(7r); n7 < nj^} 

with vji < ZU2 < ■ ■ ■ < tjJk and define = Q < ni < ■ ■ ■ < ul < K so that 

{^<7„j,+i, . . . , n7„^+i} = {nj G We(7r); tn < Wa}- 

Under the notation in Definition 12 .201 and (|3.40(l . define 

(3.41) r„,^JA)= W [{Xe,w'^- y)+D^{w'^)~c) 

(M,C)Gf2,,e\0^,^ 
L 

■ Jj((Ae, •f^Q - ^rii) - {a,rua) + DT,{ma) - L'^(tn„;+i)^ . 

1=1 

If there is no extremal low weights with respect to a other than -cua, we use the 
simple symbol ^^(A) for ^^ ^^(A). 

Remark 3.20. In the above definition we have the following. 

i) If the lowest weight tt is an extremal low weight of tt with respect to a, then 
L = 0. 

ii) The second factor 

L 

JJ^(Ae, — VJn^) — {a, Wa) + DT^{lUa) — I?^(n7„^ + 1, 
i=l 

is not identically zero because n7„. jo^ <e ccni+ilae i^e '^aUe- 

iii) For w and w' G Wiir) 

(3.42) (Ae, - vj') + Z?^(n7) - D^{vo') = (Ae + P, - n;') + (^'. ' ^) ^ 



ANNIHILATORS OF GENERALIZED VERMA MODULES 



31 



iv) Put 7^ = '1x7^+1 — tjJij for v — \, . . . — \ and = ol. If 

(3.43) ( _2 if ^ > i) = 1, 
then {wv,rujj) — (nj^+i, ro^+i). 

v) Suppose '^^'^'^^1 = — 1 and the Dynkin diagram of the system {71, . . . ,7^} is of 
type Ak or of type Bk with short root or of type G2 with short root 72 . Then 
it foUows from Lemma [3. 151 and Lemma [2.221 1) that 

(3.44) {\Q,TUa - TUn,) - {a,TIla) + £'7r(^^a) - -D7r(a7„. + i) 

= (Ae + P,'!^a~ ^n,) = (Ae + P,lni-\ h jK-l) 

for i = I, . . . , L. 

Theorem 3.21 (gap). Let Wa be an extremal low weight with respect to a €z O. 
Then 

e/x.e(A) + J(Ae) tf (A) ^ 0. 
If for all a G Q there exists an extremal low weight zUa with respect to a such that 
^a.roa (A) 7^ 0, then 

Je(A) = /,.e(A) + J(Ae). 

By Proposition 13 . 1 ll iiil we have the following corollary. 

Corollary 3.22 (annihilator). If Xq + p is dominant and if for all a & Q there 
exists an extremal low weight Wa with respect to a such that ra^^^ (A) ^ 0, then 
/,,e(A) = Ann(Me(A)). 

Remark 3.23. It does not always hold that for each a E Q there exists an extremal 
low weight Wa with respect to a such that the function ra ^c (A) is not identically 
zero. In fact we construct counter examples in Appendix^ However this condition 
is valid for many tt as we see below. 

Recall the notation in Proposition 12 . 391 

Lemma 3.24. Suppose Wa is an extremal low weight with respect to a G O. The 
function ra.^^{X) is not identically zero if the space 

ro6W(7r); ro| „q =T^a I oq 

is irreducible as a QQ-module. 

Proof. In this case we have ^|og, ^ Ci7alae fo'" (Mi C") ^ ^■K,e \ a-nd the first 
factor of l|3.41|l is not identically zero. □ 

Proposition 3.25. Use the notation in Lemma 13.151 and suppose = a E Q. 
The function r^^voa (A) is not identically zero if either one of the following conditions 
is satisfied. 

i) {71, • ■ ■ ,7A'} c e. 

ii) The connected component of the Dynkin diagram of Q containing a is orthogo- 
nal to it. O \ {71, . . . , 7if} is orthogonal to {71, . . . , Jk-i}- Moreover the Dynkin 
diagram of the system {71, . . . ,jk-i} is of type Ak-i. 

Proof, i) Since ceding, = 7r|ae and V^(7f||jQ) is an irreducible ge-module, the claim 
follows from Lemma [3. 241 
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ii) Suppose w e yVe(7r) satisfies vj\a^ = wdoe- Then we can write 

K 

i=l /3Ge\{7i,...,7K} 

with non- negative integers and n^. Put 

e' = {7,; rai > 0}, 
e" = n;3 > 0}, 

and define 

/3Ge'ue" 

Since y is an irreducible 0e'ue"-inodule with lowest weight n and {0} <^V^ C V , 
each connected component of the Dynkin diagram of the system Q' U 9" is not 
orthogonal to tt. 

Suppose e Q' . Then the condition ii) implies 0' — {71, . . . , jk} and therefore 
zu'^ — Wa + a < Zaj. However it is clear dimT/ro^ = 1 and vo'^ ^ yVe(7r). Thus we 
have vj'^ < w. In this case, by Lemma [2.221 11'). we have D{m'^) < D{zu). 

Suppose 7/j- ^ 8'. Then O' is orthogonal to O" and hence we have the direct 
sum decomposition 

Oe'ue" = ae'ue" © me' ® me". 
Since vu is the lowest weight of a me"-submodule of V , which is an irreducible mo' © 
me"-module, Q" must be empty. On the other hand, we see 8' = {71, . . . jJk'} 
with K' < K. Now we can find each weight vo' of the ge'-module V is in the form 

K' , 
tn' = 7f + V m'7i with - 2 y^^^' > ra\ > m'^ > ■ ■ ■ > m'^, > 

(71,71) - 1 - 2 - - K - 

and its multiplicity is one (cf. Examplc l4.2l ii')'). Fix v G Vro\{0}. Take i — 1, . . . ,K' 
so that rrii > rrii+i. Then X^^^v / and therefore 7^ ^ 8. Since tjjIuq = z^alae, 
we conclude i — K' and jtik' = 1. It shows 

tU = 71 H h 7/f' < ZUa- 

Thus we have proved the function (|3.41() is not identically zero. □ 

Remark 3.26. The condition i) of the proposition is satisfied if the lowest weight ff 
(or equivalently, the highest weight tt) of (tt, V) is regular. 

Proposition 3.27. i) (multiplicity free representation) Suppose dimV^ = 1 for 
any w G W(7r). Then for any extremal low weight Wa with respect to a G 8, the 
function ra.^^ (A) is not identically zero. 

ii) (adjoint representation) Suppose q is simple and tt is the adjoint representation 
of Q. Suppose a G 8. // the Dynkin diagram of ^'(g) is of type A^, then we have 
just two extremal low weights zUa with respect to a. If the diagram is not of type 
Ar, then we have a unique zUq,. In either case, there is at least one such that 
''a.roa (A) is not identically zero. 

iii) (minuscule representation) Suppose (tt, V) is minuscule. Then for any a G 8 
there is a unique extremal low weight Wa with respect to a. Moreover the function 
ra{X) is not identically zero. 

Proof, i) Thanks to Proposition 12.391 ii. V{ma\ae) is an irreducible ge-module. 
Hence our claim follows from Lemma 13.241 

ii) The lowest weight of the adjoint representation is — ckmax- Hence by Re- 
mark lXTTI wc can determine the number of extremal low weights from the completed 
Dynkin diagram of each type, which is shown in ^ 
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Note that W{t:) = ^(fl) U {0}. Suppose zua ^ S(0e)- Then Proposition ESiii) 
assures the irrcducibihty of V^vUalaB)- Hence ^0, ^0 (A) is not identicaUy zero. 
Suppose Wa e S(0e)- Take {71, . . . , jk} C ^(fl) as in Lemma Irt . 1 51 and put 

= -a,nax + 71 H ^ 7i-i for i = 1, . . . , if. 

Let 8i denote the connected component of the Dynkin diagram of Q containing 
7k — a. Then we can find an integer K' G {1, . . . , K — 1} such that {71, . . . , jk'} C 
^(0) \ s-i^d {7^:'+!, . . . ,7a'} C 01. Then it follows from Lemma f3 . 1 51 that the 
root vectors X^. for z — 1,...,K' are lowest weight vectors of Trlme^- These 
lowest weight vectors generate the irreducible moi-submodules belonging to the 
same equivalence class because {71, . . . ,'Jk'-i} is orthogonal to 81. On the other 
hand, we have wk'+i £ We(7'')- Then it follows from Proposition 12.391 ii^ that 
ruK'+i e S(gei)"- Since tjjk' - wk'+i = -Jk' G S(g), [X_^^,^_^, X^^,] ^ 0. 
It shows the equivalence class above is not the class of the trivial representation. 
Hence 0i is not orthogonal to tt = wi. Now we can take another extremal low 
weight w'^ with respect to a which satisfies the condition i) of Proposition 13. 251 

iii) Since a minuscule representation is of multiplicity free, we have only to show 
the uniqueness of Wa- Let [0,2] — Qi (S) ■ ■ ■ (B Qm be the decomposition into simple 
Lie algebras. Then 7r|[g.g] is a tensor product of faithful minuscule representations 
of 0i for i = 1, . . . , TO. Hence, from Proposition l2 . 371 v) . each connected component 
of the Dynkin diagram of ^'(g), which corresponds to some ^(g^), has just one root 
7 which is not orthogonal to tt. Now the uniqueness follows from Remark 13. 171 □ 

We conclude this section with a discussion of the commutative case. Consider 
= (Pij j as an element of M{N, S{q)). Then we have 

Theorem 3.28 (coadjoint orbit). Put 

g,r.e(a;;A)= W (a;-^(A)), 
(3.45) ^ea„e 

re(A)= n (/i(A)-M'(A)). 

Then if re (A) ^ 0, 

Y,Sm.,B{F,-Ah+ E ^(0)(/-/(^e)) ={.f e5(0);/lAd(G)Ae =0}. 
/e/(fl) 

Here 1(g) is the space of the ad{Q) -invariant elements in the symmetric algebra S{g) 
of Q and G a connected complex Lie group with Lie algebra g. 

Proof. Let {vi; i — 1, . . . , N} be a base of V such that each Vi is a weight vector 
with weight ro,;. Then 



rf9Tr,e(-F7r; A)ij|Ae 



I if (mi - zuj, Ae) 7^ 0, 

For a G S(g) \ S(ge) there exists a pair of weights of tt whose difference equals 
a and therefore fe(A) 7^ implies {a, Ae) 7^ 0, which assures that the centrahzer 
of Ae in g equals ge- Since 

90= Yl ^^'3 

i—j or tUj— CTj is a root of ge 

and [H,Fij\ — [wi — Wj){H)Fij for H E a, we can prove the theorem as in the 
same way as in the proof of |04l Theorem 4.11]. □ 
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Remark 3.29. There is a natural projection p^r.e '■ ^^7r,e ~* ^^7r,e- We say that 
H G r^TT.e is ramified in the quantization of q-^^e to q^^^e if J5~e(/Lt) is not a single 
element. 

If TT is of multiplicity free, then there is no ramified element in fJjr.e (cf. Proposi- 
tion l2.39l m. In this case, consider g as an abelian Lie algebra acting on S{g) by the 
multiplication and define the g-module Mq(A) = 8(2) / J^xepo '8i2){-^ ~ ^e{^))- 
Then taking a "classical limit" as in j04j . we can prove g7r,e(-F7r; A)Mq(A) = 0. 
Moreover if fQ{X) ^ 0, the polynomial qTr^e{x] A) is minimal in the obvious sense. 

4. Examples 

In this section we give the explicit form of the characteristic polynomials of 
some small dimensional representations tt of classical and exceptional Lie algebras 
g. (As in the previous sections, we always assume that g and tt satisfy 1)2. 7|) .) In 
some special cases we also calculate the global minimal polynomials. Note that if 
QtvIx) = Y[i<i<m(^~''^i~^i) with suitable uJi £ o* and Ci G C is the characteristic 
polynomial, then the global minimal polynomial qTr.&{x,X) for a given Q equals 
ni67(^ ~ (■'^ii Ae + p) — C'i) with a certain subset / of {1, ... , m}. 

It is clear that if the dimension of tt is small, then the degree of qTT,e{x,X) is 
small, which means the corresponding ideal Ijr.sW is generated by elements with 
small degrees. In such a case, for an extremal low weight zua of tt with respect to 
a € &, the degree of the polynomial ra,T^^{X) defined by (|3.41l) is also small and 
hence the assumptions on A of Theorem l3.21l and Corollarv l3 . 22l become very weak. 

Lemma 4.1 (bilinear form). Let ( , ) be a symmetric bilinear form on a* and let 
a* = © be a direct sum of linear subspaces with (0^,03) = (0^,02) = 0. // 
there exists C £ C \ {0} such that 

(/z,/Lt') = C(m,m') (V/x, /i' e aj), 

then 



C = y m^(n7)-^-- ^ — ^— for a S a, such that (a, a) ^ 0. 
(a, a) 

roeW(7r) ^ ' 

Here mTy{-cu) denotes the multiplicity of the weight zu G VV(7r). 

Proof. Let Ha G a correspond to a by the bilinear form ( , ). Then we have 
C(a,a) = C^{a,a) = Trace 7r(iJ„)2 

= mTr{nj) {{a,n7))'^ ~ m^(n7)(a, tu)^. □ 

roeW(7r) raGW(7r) 

In the following examples £1, £2, ■ • ■ constitute a base of a vector space with 
symmetric bilinear form ( , ) defined by (£i,£j) — Sij. We consider a* a subspace 
of this space where £1 — £2 etc. are suitable elements in ^'(g) (cf. jBo2| 'l. 

Ctt equals the constant C in the above lemma for Oi = afl [g, g]. is the similar 
constant in the case when ai is the center of g. Then we can calculate ( , ) under 
the base {£1, £2, . . .} by the above lemma. 

Example 4.2 {A„^i). 

ai a2 a„_2 a„-i 11 11 

o o ■ o o 



-o • o o 



* = {«! = £1 - £2, ■ ■ ■ , a„-i = £„-i - £„} 
i) = 0[„ 
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TT = tUfc := El + • • • + £fe = '^1 (minuscule, A; = 1, . . . , n — 1) 



dimtUfe = (2) 
>V(n7fc) = {e^, +■■■ + £„, ; 1 < J^i < • • • < i^fe < n} 

^rofc — 5 X]l<i/i<---<i/fc<n(^!^i + ■ ■ ■ + Ei'fcj ^1 ~ £2)^ = 

CU = ^ Ei<.,<...<.,<„(£.i +•■• + £.,, ei + ■•■ + = 

Q^ki^) — ni<ii<.--<jj,<n ~ (^H + ' ■ ' + ^ifc) ~ 2(n-2)! ) 

ii) = 0[„ 

= {homogeneous polynomials of (xi, . . . , x„) with degree to} 

TT TO£i (multiplicity free, m = 1, 2, • • • ) 

W(to£i) = {toi£i + • ■ • + TO„£„; TOi + ■ • • + m„ TO, TOj e Z>o} 

dimTOEi - H - (n+m-l\ _ («+m-l)! 
Uimmfci — nrira — ,„ j — m!(„-l)! 

Cmei = 1 Emi + ...+m„=m('^l£l + ' ' ' + "^n£n, £l - £2)^ 
= 5Er=oEmi=o('= ^ 2mi)2„_2i^m-fc- 

= Er=o fc(fc + l)(fc + 2)(to + n - (fc + 3)) • • • (to + n - (fc + n - 1)) 

(m+n)! 

— ■ ■ ■ — (n+l)!(m-l)! 

Cmei = n Lm, +---+m„ =m ("^1^1 "I TO„£„,£i H h £„)^ = "^nHra 



mei n .^miH {-mn—rn 

(n+m — 1)! m(m+l)---(m+Ti— 1) 

(m — l)!n! n! 



(m+n— 1) — ^ ■ 



9mei (2;) — ri™iH hm,i=iTi(2; — X/i=l '^i^i 2C ^ 

iii) fl = sl„ 

TT = n7i + run-i = £1 — £„ (adjoint) 
dim(tui + tu„) = — 1 

^TOi+TUti-I 2/2 

(ti7i + n7„_i, p) = n - 1 

9roi+ro„_i (a;) = (x — 2) ni<i<j<ri ((^ StT)^ ^ ^ ^j)^) 

In |04| we choose ^E*' = {a'l = £2 — £i, . . . , Q;^_i = £„ — £„-i} as a fundamental 
system of g[„ and then tt = tui is the lowest weight of the natural representation tt 
of For a strictly increasing sequence 

(4.1) riQ = Q < fii < ■ ■ ■ < TiL ^ n 

we put n'j = rij — f^j-i and 8 = Ufc=i Unfc_i<iy<jifc {'^'i'} ^^^'^ study the minimal 



polynomial grr^ei^', A) in |04| for A = (Afe) G ~ Qq. Define p' — ~p and put 

L 

(4.2) Ai£i + • • • + A„£„ = p' + ^ Afc ( ^ 



£ 

fc=l nk-i<v<nk 

The partially ordered set of the weights of tt is as follows 

£1 > £2 > > £nfc > Enfc+l > > £j^ 

Then Wq{'k) ~ {£„q+i, . . . , £„^_^+i} and Theorem 12 . 241 savs 

q-K,e[x, X) = W_{x-\k~ -(£1 - £„j^_i+i,£i + £nfc_i+i - 2p')) 

k=l 
L 



W_{x~ Afc - rik-i) 
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and it follows from Remark ESDI that 

L fe-1 

in Definition 13.191 if Uk-i < i < Uk- This result coincides with |04l Theorem 4.4]. 
Note that if A satisfies the condition: 

(4.3) (A + p', (3)^0 with P e S(0) ^ Va' e e (/?, a') = 0, 

then ra'{X) ^ for each a' G 8. 

Let TTrofc be the minuscule representation zuk in i) and we here adopt the funda- 
mental system as above. The decomposition 

(4-4) TT^Jse = '^k,,...,kL 

feiH \-kL = k 

0<kj<n'- (j=l,...,L) 

is a direct consequence of Proposition[^2nii)- Here iTki,....kL denotes the irreducible 
representation of qq with lowest weight X]j'=i(^n3-i+i + ' ' ' + £nj_i+fej )- Then by 
Proposition 12 . 401 i) we have 

fciH i-kL=k i=l j=l 1^=1 ^ 

0<kj<n'- {j=l,...,L) 

n (x-C,(n-l)X:%(A,+n,_i + ^) 

fciH \-kL=k j = l 

0<kj<n'. (j = l,...,i) 

L I 

11 ■ — TL 

+ ci^ {k-i)Y^ n; (A, + + 

with C^^ = ^"~^(nL^i)t~^^' ■ To deduce the final form we have used the relation 

Ej^i^j'^j-i = i — -■ 

Remark 4.3. Put 0q = [OeiOe]- Then the irreducible decomposition of TTrotlg^ 
not of multiplicity free if and only if there exist an integer K and subsets / and J 
of {1, ... , L} such that 

K = ^n[ = ^n'j <k, K < n - k and I ^ J. 

This is clear from H4.4|l because TTki,...,kL\B' ~ ^k' ....,k' if a-nd only if ki — k[ or 
MO = (0, n',) or K, 0) for i = 1, '. . L. 

Example 4.4 (S„). q = 02„+i 

ai Oi2 Q;„-ian 12 2 2 

O O • O >0 O O • 0^=>0 71 > 3 



^' = {ai = El - £2, • ■ • , Un-l = En-l - , = £«} 

i) TT = TUi := ei (multiplicity free) 
dim-cui = 2n + 1 
(roi,p) = n - i 

=E(±£.'£i)' + (0,£i)' = 2 
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q^^{x) = (a; - §) n:=i((x - 21-1)' _ ^2) 

ii) TT — vOn '■— ^(ei + • • ■ + £n) (niinuscule) 
dimtUn = 2" 

/ X _ (2n-l) + (2n-3) + --- + l _ rif^ 

=^(±£l±---±£„,£l)2 = 2" 

iii) TT = 1372 '■= £1 + £2 (adjoint) • • ■ voi is not a fundamental weight if n = 2. 
dimcc72 = n(2n + 1) 

C^, = 4n - 2 

(•Ci72, p) = 2n — 2 

£l = tU2 - a2 - • • ■ - Q!„ 

= (x - i)ni<.<,<„((^ - &? - (e. - e,)'){ix - ^)2 - is, + 

Choose = {a'l — 62 — £i, ■ ■ ■ , ct'n-i — £n~ £n~i, a'l — —£n} as a fundamental 
system. Then the partiaUy ordered set of the weights of the natural representation 
TT of 02n+i is shown by 

£1 > £2 > > £„fc > Enfc+l > > > 

* * * — Ejifc+i * — Ejifc > > -El- 

Here we use the same notation as in ()4.1|) and H4.2() . Put 6 = Ufc=i Unfc_i<i/<nfc {"^'i/} 
and e e U {a^}. Then 

We(7r) = {£„„ + !, . . . ,£rii,_i + l, — Eni,-!, • ■ • , "^rii], 

WeW = We(7r)U{0, -£„}. 
Hence by Theorem [2. 241 

q-K,e{^\ A) = (^x - i(£i, £1 - 2p')) 
1 . 1 



i=i 

• n + 2 '^^^ 4 "-^^ + ' ^ ^ ^^''*) 

v,e(2;; A) = - i(£i - £„^_,+i, £1 + £„^_i+i - 2p')) 

n ~ 2^^ ^ 4*-^^ ~ en,_i+i,ei +en,_i+i - 2p') 



L-l 



2 " 4' 

ni_i\ T-r/ ^7-1 \ / -^1 2n — rij 

X ^ J_ J_ 



(-=r)n(-f-=f^)( 
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Moreover if Uk-i < i < Uk, 

fc-l L 



u=l u=k+l 
L 



1 

■ (^'+1 " 2) n + 

1^=1 

^ fe-l L 

k-l L L-1 

2^'^-'r^,^ew = n (^^ " n (^^+1 - ^"^-1+1) n (^^+1 + 

u=l i/=fe+l i/=l 

2'^"'^a^.e(A) = n (a„ - v) n (i + A„„) = (-1)^-1 n - ^« 



Here we denote rQ,(A) corresponding to Q and by ra.e{X) and r„ q(A), respec- 
tively. Note that r^, q{X) 7^ for a' G G) under the condition H4.3() for Q. Moreover 
suppose A + p' is dominant. Then A^ + A^+i = 2Ai+i — 1 = ^ 1 7^ 

and hence ra\0{X) 7^ for a' G under the condition H4.3|l . 

Example 4.5 (C„). g = sp„ 

tti a2 a„_ia„ 2 2 2 1 

o o — • — o<;^=o •=^0 o — ■ — o<^=o n > 2 



i) TT = zui := El (minuscule) 
dimtZJi — 2n 

(tni,p) = n 

ii) TT = 2zui = 2ei (adjoint) 
dim 2tJ7i = n(2n + 1) 

C2v.^ = 4(?1 + 1) 

(2tJ7i, p) = 2n 

g2^,(x) = (x-i)n:Li((a;-2;a:2)'-2e?)ni<.<,<„((^-!S3)'-(^^-s.)')((^- 

Choose ^P' = {a[ ^ 62 — £1, ■ ■ ■ , = — aJi = — 2£n} as a fundamental 
system. The partially ordered set of the weights of the natural representation tt of 
5p„ is shown by 

"1 "2 "fc-l "fc "fc+1 "n-l 

£1 > £2 > > £rifc > £»ifc+l ^ ^ £" 

q'„ a;,-i ""fc + i ""fc ""fc-i "i 
> — £n * > — £rifc + l > ^£nfc ^ ^ 



Under the same notation as in the previous example, we have 

We(^) = {£no + l' • ■ • j£ni,„i + l, — £ni,_i, • ■ • , " £ni}j 
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WeW =We(7r)U {-£„}. 
If Tik-i < i < nfc, it follows from Theorem 12. 241 and Remark l3 . 201 that 

^ + f 2^ 

T 2 

L 



L 


\ ^-1 

- 2 " 2 )n(^ 










L 

-I-T / 


^ 2 - 2 )(^ + 








L 


n(A. 


— An„^ ]^ (^i+i 


i/=i 






L 




— Ari„^ ]^ ^Ai+i 


i/=i 




L-l 


L-l 


n 

l/=l 


n(An- V)- 



i) n(A»+i +A„,)' 



L-l 



i/=l 



If the condition (|4.3|l holds, then we have r^' .q{\) ^ and r^t e(A) 7^ for a' G 8. 
Moreover suppose (A, a^) = and A + p' is dominant. In this case A„ = —1 and 
A„„ = -2 (J„^Xl^X-£lS - MO. Hence r„,^^e(A) 7^ under the condition 

for e. 

Example 4.6 (£)„). 5 = 02™ 

ai a2 an-2 oin-i 12 2 1 



o o • o o o o- 



-o n > 4 



Otr, 



* = {ai = £1 - £2, • ■ ■ , an-i = £n-i - £«, = £n-i + £n} 
o-V" (n~v)£ - '^(2»-i^-i) I "("-!) 

i) TT = 1371 := £1 (minuscule) 
diniTUi = 2n 

C'roi = 'Yli^^^v^ £1)^ = 2 

(n7i,p) = n - 1 

fe.w = n:Li((^-^)^-£f) 



ii) TT 



■ci7„_i := \{e\ + • • • + £„-i — £,i) (minuscule) 

VJn '■= |(£l + • • • + £n-l + £ri) (luillUSCule) 

dimtZJ„_i = dimccjn = 2"^^ 

C^„_i = C„„ - E(±£i ± • • • ± £n, £1)' = 2"-i 

(ro„_i,p) ^ {n7„,p) = "^'7^^ - 

fe„_i(a;) = nci=±i,...x„=±i(a; - i(ciei H h c„e„) - "^""i^-* ) 

Ci ■ ■ -C^ — — 1 

gtu„(a;) = llci=±i,...,c„=±i{x - i(ci£i H h c„e„) - "^"+1^-' ) 

Ci---Cn — 1 

iii) TT = 072 := £1 + £2 (adjoint) 
dimci72 — n{2n — 1) 
Cei+e, = 4(n - 1) 
(tn2, p) = 2n — 3 

g^, (x) = ix-^) ni<.<,<„ ((^ - 1^)' - (£. - £. )') ((^ - - (£. + e,r) 
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Note that the coefficient of 6162 ■ ■ ■ £n in the polynomial X]ci=±i.- -,c„=±i(ciei + 

ci ■ ■ -c^ — 1 

• • • + CnSn)^ of (ei, . . . , £„) docs not vanish. Hence 

(4.5) Z{q) = C[Trace ^ , Trace ^ , . . . , Trace ^^("-i) , Trace F^J . 

Choose = {a'l = £2 - ei,...,a^_i = - En-i, = Sn - £n-i} as a 
fundamental system. Then the partially ordered set of the weights of the natural 
representation tt of 0211 is shown by 

£1 > £2 *■ > £n-l > £ri 

"re-l "'n-2 "2 "'1 

— En > — £n-l > > —£2 > 

Use the notation as in and ig^l)- Put 6 = IJ^^^ V}nk^i<v<nS^'u} ■ If "n-i ^ 
G, we also put 6 = 9 U {a^}. 
Then 

L-l L L-1 L-1 

^Ise = + i © ^-s„^. , - ^e„^ + i ® '^-e., ■ 

Here tt^ denotes the irreducible representation of qq or gg, with lowest weight e. 
Hence if nk~i < i < nt, 



L 



2 2 / V 2 2 



2 

fe-l L L 



fe-l L L-1 

L-1 



If (A,a^) = and i + 1 = < n, then A^+i + A„j^ — 2(Ai+i + A„). Hence 
''a' e(A) ^ for a' G under the condition 14.3|l for Q. 

Now suppose a^_i ^6. Thenni_i — n—1. HXl = 0, then Q(Fjr; A)Afe(A) = 
by Corollary 1531 with 

Ai n — 1\ ^j-r^ / Xj ^j-i\ / Xj 2n — 7ij — 1 



2 2 

i=i 



X - 



The analogue of r^' QiX) in this case is 

fe-l L-1 L-1 

r'c'^^ew = 22-2i'A,+i n - n (^'+1 - An.-i+i) n + 

1^=1 v=k+l u=l 

If i + 1 = rifc then A^+i + Xn^ — 2(Ai+i + A„). Hence r'^, g(A) 7^ for a' G under 
the condition H4.3() . 
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Let T^run-i t>e the half spin representation Wn-i in ii) and we here use the fun- 
damental system ^' defined above. 

(fei,...,fei,)eKe (fei,...,fci,)eKe 

where 

K© = {(fci, . . . , /Ci) e Z^; < kj < n'j = 1,..., L), 

n — ki — • • • — = 1 mod 2}, 
Kg = {(fci, . . . , /cl) e Ke; fcz, > n'^ - 1} (Note e 6 and > 1) 

and TTki,...,kL i'' the irreducible representation of qq or Qq with lowest weight 
i 1 

^ ^ 2(^"j-i + l "I" ■ ■ ■ + ^nj-i+kj ~ ^rij-i+kj + l — ■ ■ ■ — Suj)- 

J = l 

Then for 6' = 6 or 9 

n(n — 1) 



2"+i 

(fci,...,fci)eKe/ 



^ '^i^rij-i + l H I- A„j._i+/sj - A„^._i+fe^+i A„jj . 

If > 1, then 

(fci,...,/ct)GKe, 
(fci,...,fci,)7t(ni,...,n'^_j,n^-l) 

L 

■ fy^(Araj-i+fcj+i H 1- A„j-i + — A„_ij. 

Example 4.7 (i;6). 

ai as a4 a5 Q!6 1 2 3 2 1 

o o o o o o o o o o 

i i2 

^' = {ai = \{ei + es) - \{s2 + £?, + £4 + £5 + £6 + £7), Q;2 = ei + £2,0:3 = 
£2 - £1, 04 = £3 - £2, 05 = £4 - £3, ae = £5 - £4} 

p = £2-|-2£3-|-3£4-|-4£5-|-4(£8-£7-£6) = 8Q!i + lla2 + 15a3 + 21q!4 + 15Q!5 + Stte 



i) TT 



TUi := I (£8 — £7 — £5) (minuscule) 
xuq := ^(£8 — £7 — £6) + £5 (minuscule) 
dim wi = dim = 27 

Croi = C'rog = 6 (see below) 
{wi,p) = (n76,p) = 8 

fe, (2;) = n^GM/Egt^. (x - w - I) for i = 1 and 6. 

ii) TT = W2 := |(£i + £2 + £3 + £4 + £5 - £6 - £7 + £3) (adjoint) 
dim = 78 

C^, = 24 

{tU2,p) = 11 

9ro2 = (2; — 5) naeE(B6) {x — Oi — ^j) 
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Expressing a weight by the hnear combination of the fundamental weights wj , 
we indicate the weight by the symbol arranging the coefficients in the corresponding 
position of the Dynkin diagram. For example, zu = ''^j'^j indicated by the 

symbol mimsmim^mQ. Moreover for a positive integer m we will sometimes write 

1712 

fh in place of — m. 

Let TT be the minuscule representation rui in i). Then the partially ordered set 
of the weights of tt is shown by the following. Here the number j beside an arrow 
represents —aj. 

10000 



\i 

1 11000 



\3 

2 01100 



\4 

3 00110 

/2 \5 

4 00010 00011 

1 1 

\5 _ /2 \6 

5 00111 00001 

1 1 
/4 \6 /2 

6 01101 00101 

1 
\6 /4 

7 11001 01111 



/I \6_ ys \5 

8 10001 11011 01010 



\6 /I \5 /3 

9 10011 11110 



\5 yi \4 

10 10110 10100 

1 

\4 /I \2 

11 11100 10000 

1 1 

/3 \2 /I 

12 01000 11000 

1 1 

\2 

13 01100 

1 

/4 

14 00110 





'5 



15 00011 


ye 



16 00001 


The type corresponding to {ai, as, ... ,0^} is contained in type Eq. The high- 
est weights of the restriction (£^6) ''^)\a5 are wi = 10000, W5—ZU2 = W2W4WSW1W1 = 

00010 and wi— ti72 = ^2^4105^6^3^4^5(075— 1^2) = 10000. Here we put wj = Way 

Hence (^6,^)1^5 = 2(^5,^1) + (^,^^4) and C^, = C^, = 2{lz\) + (Izl) = 6. 

Now use the fundamental system = {a'l = — ai, ■ ■ . ,a'g = —cxe}- Then the 
lowest weight tt of tt equals wi. Putting 6j = ^' \{a^}, we have 

Wei(7r) = 1 10000, 11000, 10001 1, 
^ 0-^ 

We^fTr) = jlOOOO, 00010, lOOOOj, 
^0 I I 

WesW = { 10000, 01100, liOOl, oloooj, 

1 
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We.fTr) = jlOOOO, 00110, 01101, 10100, OOllOj, 
1 1 

We.M = jlOOOO, 00011, 01010, 00011), 
10 

WosW = jlOOOO, 00001, 00001 1 . 

If we identify Oq. with C by Ae, = Xzui and put vf — A = mi'^aj for A G yy(7r) 
then Proposition 12.401 i) imphes 

(4.6) q^^e, (a;; A) = a; - ((vf, to^) - mX(ai, n7i))A - ^ rn]^^(aj, p}^ . 

AGVVe, (tt) J 

Since {aj,vuj) = {ctj,p) = ■^{aj,aj) = ^ and 



(n7i,roi} = -, 
(wi, W4} = -, 



(tui, n72) = -, 


/ \ 2 



(Wl,tl73} = — , 



we get 

q^,ei{x; A) 
97r,e2(2;; A) 

QTT.Oi (2:; A) 
Qn.eAx; A) 
g7r,e6(a;; A) 

Example 4.8 {E7 



-X) (x- —X --)(x+- 
9 J\ 18 6/ V 9 



A- - 



6 

18 









-) 




6 / 



X A ]{x A ]{x-\ A a; + - A - 2 



18 



X - -X]{x - -X - - ]{x - l]{x+ -X- - ]{x + -X - - 



1 



1 



X A x A ]\x+ -X A , 

9 A 18 3/ V 9 3/ V 18 " 

X - -X) (x + —X --)(x+-X-- 
9yv i8 6yV 9 3 



ai a4 as ag ay 



3 2 

-o o- 



a2 2 

{ai = ^(ei + Es) - 5(22 + es + 64 + S5 + Eg + ej), = ei + £2, "3 



2V^i I 2 

£2 - El, a4 = £3 - £2, a5 = £4 - £3, ae = £5 - £4, a? = ee - £5} 

17 _ , 17_ i-7_ 

-5 -t- ufce — 2 



p = £2 + 2£3 + 3£4 + 4£5 + 5£6 - ^£7 + ^£s = + + 33q;3 + 48a4 
^as + 26ae + 

i) TT = wj := £6 + ^(£8 — £7) (minuscule) 
dimti77 = 56. 
Cn,, = 12 (see below) 



ii) TT = n7i := £§ — £2 (adjoint) 
dimtui = 133 



C^i = 36 



(tni,p) = 17 

q^, {x) ^{x-\) riaeECBr) ~ " " m) 
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Let TT be the minuscule representation wj in i). Then the diagram of the partially 
ordered set of the weights of tt is as follows. 

000001 



\7 

1 000011 



\6 

2 000110 



\5 

3 001100 



\4 

4 011000 

1 

^2 \3 

5 010000 110000 

1 1 

\3 /I \1 

6 111000 100000 

1 1 
/4 \1 /I 

I 101100 101000 

1 

/5 \1 /4 

8 100110 111100 


^6 \1 ^5 \3 

9 100011 110110 010100 



yj \1 /6 \3 /5 

10 100001 110011 oiliio 



\1_ /7 \3 _/6 \4 

II 11001 011011 001010 

1 

\3 /I \4 /6i2 

12 011001 001111 000010 

1 1 

\4 /7 i2 Xi 

13 001101 000111 000101 

1 1 1 
2i XI XI i2 

14 000101 000111 001101 

1 1 1 

Xe 12/7 \4 

15 000010 001111 011001 

1 1 

2iX6 \4 X7 \3 

16 001010 011011 110001 

1 

\4 _ _/6 \3_ /7 \1 

17 011110 110011 100001 



X5 \3 X6 \1 /7 

18 010100 110110 100011 



\3 X5 \1 X6 

19 llllOO 100110 


/4 \1 X5 

20 101000 101100 

1 
/2 \1 X4 

21 100000 111000 

1 1 

\1 X2 \3 

22 110000 010000 

1 1 

\3 /i 

23 011000 

1 

\4 

24 001100 



\5 

25 000110 



\6 

26 000011 



\7 

27 000001 
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Here we use the similar notation as in Example 14. 71 

The type Aq corresponding to {ai, as, ... , a^} is contained in type Ej. The high- 
est weights of the restriction {Ej, 7r)|^g are zuj = 000001, T173— tj72 ~ W2WiWzW(,WTUJj 

010000, vjQ — W2 — W2W4W3'WiW5W4W3{'cu3 — VJ2) — 000010 and vJi — ZD2 = 

1 1 
W2WiW5WQW'jw^Wj^W5WQ{w(, — V02) — 100000. Therefore (i?7,7r)|^g — {A^^vjq) + 

{A^,W2) + (A6,n75) + (A6,tni) and C^, = (^l}) + (^ij) + {l^^^) + {\-_^;) = 12. 
Now use vj/' = -v|/ and put 9.; = \{a[}. Then 

Wei(7r) = jOOOOOl, 10000, lOOOOlj, 
I g 10 

We,(7r) = jOOOOOl, 010000, 000010, lOOOOOj, 
1 1 I ' 

WqA-k) = jOOOOOl, 010000, 010100, liOOOl, oiooooj, 

We.fTr) = jOOOOOl, 011000, 101100, 001010, 011001, 101000, OOllOOj, 
1 1 1 

We.fTr) = jOOOOOl, 001100, 100110, 000101, 010100, OOOllOj, 
I Q 1 

We.fTr) = jOOOOOl, 000110, 100011, 000010, OOOOllj, 

We,(7r) = jOOOOOl, 000011, 100001, OOOOOlj. 



From l|4.6|) with {ai^zui) — {ai,p) — ■^{ai,ai) = and 



5 11 

(1177,1175} = —, (tA77,t376} = -, (tI77,T377) = -, 



we have 



^TT^Oi (a;; X)^ (x~ (^x ~ ^) + 1^-^ 



17 
12 

1 .\ / 1 . 5 \ / 1 \ / 1 7 



<Z.,e.(-; A) = - -Aj - - - j + ^A - ij + -A ^ 

<Z.,e3(-; A) = - ^a) - ^A - A) _ ^ _ 4^J ^ 1 ^ „ n^J ^ 

g^.e.!-; A) = (x - Ia) - ^a - 1) - ^a - 1) (x - 

^..e. A) = - |a) - ^A - i) (a. - 1a - ^) (x + i^A - g 



/ 1, 3\ / 5 , 25\ 
■(^+8'-2)(^+24^-12)' 

q.M-; A) = - - ^A - i) (. - ^) (. + ^A - ^) (, 



QTv^erix; A) 
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Example 4.9 (Es). 



ai as Q!4 as ay 
o o o o o o o 



012 



{ai = i(£i 



63 + £4: + £5 + £6 + £7), a2 = £1 + £2, "3 

£2 - £1, a4 = £3 - £2, as = £4 - £3, ae = £5 - £4, ay = £5 - £5, as = £7 - £5} 

p = £2 + 2£3 + 3£4 + 4£5 + 5£6 + 6£7 + 23£8 = 46ai + 68a2 + 91a3 + 135a4 
UOas + 84a6 + 57a7 + 29a8 



i) TT = amax := £7 + £8 (adjoint) 
dim a,„ax = 248 (mc„,, (0) = 8) 

(amax,p) = 29 



29\ 
60/ 



Let TT be the adjoint representation amax and amax = J2i=i n-iCti, that is, ni = 2, 
n2 = 3, . . . . Put 8i = ^' \ {ai} for i = 1, ... ,8. The irreducible decomposition 
of g as a -module is given by Proposition 12.391 ii). In this case Lq. in the 
proposition equals {—Ui, —rii + 1, . . . ,ni}. Suppose m g Lq. \ {0}. Then V{m) is 
a minuscule representation since Eg is simply-laced. Let (j — 1, ... ,8) be the 
fundamental weights. If we write the lowest weight and the highest weight of V{m) 

~ J2j=i ^'i'^j respectively, we clearly have 



by am — Yl^j=i '^i'^j "^r 



1 ifm^l, 

2 ifm=l, 



-1 if m ^ — 1, rii, 
-2 ifm=-l, 



and a^n = ~Oi'~m- Since we know the highest weights and the lowest weights of 
minuscule representations of qq^ by the previous examples, starting with a^ax = 
w% = 0000001, we can determine am and a^ for m G Lq^ \ {0} step by step. For 

example, suppose i — A. Then Lq_^ = {^6, —5, . . . , 6} and we have 



1/(6) 



y(5) 



y(3) 



0000001 


h.w. 







0011000 


l.w. 







0110000 


h.w. 


1 




1010000 


l.w. 


1 




1011000 


h.w. 







1111000 









0110001 


l.w. 







0010100 


h.w. 


1 




0011001 




1 




0010010 


l.w. 


1 





0011000 - a4 = 0110000 is a weight of V{b) 



1010000 - a4 
1 



1 



1111000 is a weight of ViA) 




0110001 - a4 = 0011001 is a weight of V{2,) 







1 



0010010 - a4 = 0111010 is a weight of V{2) 



1 
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{0110010 h.w. 
_ 
0111010 ^ 1010100 - a4 = 1111100 is a weight of ^(1) 

_ _ 1 

1010100 Lw. 




1/(1) 



lOiOOOl h.w. 
1111100 
0121000 Lw. 



On the other hand, the non-trivial irreducible subrepresentations of V{0) corre- 
spond to the connected parts of Dynkin diagram of Qi. If J2j=i '^i'^i ^ lowest 
weight of such subrepresentations, then — 1. Hence, if i = 4, the lowest weights 
of the non-trivial irreducible subrepresentations of V{0) are 

TllOOOO, 0010000, OOlTOOl. 
2 

Thus we get 

We4(7i-) = {0011000,1010000,0110001,0010010,1010100,0121000} 
1 1 1 

U {0} U {1110000, 0010000, 0011001} 

U {-1010001, -0110010, -0010100, -1011000, -0110000, -0000001}. 
101010 

Put — XvJi- Then, by (|2.36(l . we have 

•(^-i^^-S("-il^-i)("-2^^-i)("-3l3^-i 



ll'-i)(^+l^'-^)('^^ + n)'^ 



Similarly we get 



Wei (71-) = {1000001, 2100000} U {0} U {1000010} U {-1000000, -0000001}, 

We^ (tt) = {1000000, 0000010, 0010000} U {0} U {1000001} 

U {-0000100, -0100000, -0000001}, 
1 1 

(tt) = {0100000, ilOOOOi, OlOOiOO, 1210000} U {0} U {2100000, 0100001} 

U {-liOOOlO. -0101000. -1100000, -0000001}, 
1 

We.(7r) = {0001100,0101000,0001001,1001010,0012100} 
1 

U {0} U {1001000,0001101} 

U {-0101001, -0001010, -1001100, -0011000, -0000001}, 

1 

We„ (tt) = {0000110, 0000100, 1000101, 0001210} U {0} U {0100100, 0000111} 
1 

U {-0000101, -1000110, -OOOliOO, -0000001}, 

1 
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We.in) = {0000011, 1000010,0000121} U {0} U {0000010,0000012} 

u {-looooil, -ooooiio, -ooooooi}, 

^ ^ 

WesM = {0000001,0000012} U {0} U {1000001} U {-0000011, -0000001} 























and 



g7r,ei(a;; A) = (x-^ 



X 



10 



30^-30)l"-60^-2J 



qw,&2{x; A) 



9^,63(2;; A) = 



57r,05(a;; A) = 



qn,0e (a;; A) 



9^,67(2;; A) 



g7r,e8(a;; A) 



X H A 

60 60 

1 



11 
30 



X H A , 

30 /' 

X A 

20 20 



)( 



X A 

30 



60 



1) 



1 ^ 1 1\ / 1 1\/ 1 

^+60'-60)(^+30'-6)(^+20'-10)(^+T5 



X-'^)(x-^X-'- 
5/V 60 2 

A 



A-1 
5 



20 



10 













19\ 




1) 




















60/ 



14 



15 



15 

^+^'-^)(^+3^'4)(^+2^'-^)(^+^')' 
(^-^)(^-^)("-i)("-i^-S)("-3U^-^) 



20 
1 , 
30' 



19\ 



— A - — X - —A - - X A - — ,x - — A - - 



30 
1 

20' 



30/ 
20 



60 
1 

15' 



60 



11 



X - —A - - X + —A - — X H A - — X + —A 



60 



60 



1 



30 



30 



20 



(^-^)("-^)("-ij^-i)(^-6^^-^) 

^ + ^^-6u)(^+3^^)- 



Example 4.10 (^4). 

a\ a.2 Q!3 Q!4 
o o=>o o 

* = {ai = £2 - £3, Q!2 = £3 - £4, Q!3 = £4, 04 = |(£l - £2 - £3 - £4)} 
p = ^£1 + §£2 + §£3 + 5^4 = 8ai + 15a2 + 21a3 + 110:4 

1) n = ZU4 := ei = ai + 2a2 + 3as + 2a4 (dominant short root) 
dim 1174 = 26 (771,3,4(0) = 2) 



= E.=i(±^-, + 3 E(±£i ± £2 ± £3 ± £4, £i)^ = 2 + 

{zui, p) = ^ 

^4(2;) = (a; - 1) n aeE(F4) (a; - /3 - i^) 

|/8|<|c<max| 



16 
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ii) TT = zui := £i + £2 (adjoint) 
dim = 52 

= 8 

fei(a,0 = (x - i) n aes(F4) (a; - a - I) n /3eE(F4) (2: - /? - 5I) 

|o;| = |amax| |/3|<|amax 

Let TT bo the representation W4 in i) . Then the diagram of the partiahy ordered 
set of the weights of tt is as follows. Here the weight 00)00 is the only weight with 
the multiplicity 2 and hence indicated by [00)00]. 

00)01 

\4 

1 00)11 

\3 

2 01)10 

\2 

3 11)10 
/I \3 

4 10)10 10)11 

\3 /I \4 

5 11)11 10)01 

/2 \4 yi 

6 01)11 11)01 
/3 \4_ _/2 

7 00)12 01)21 

\4 /3 

8 [00)00] 
/4 \3 

9 00)12 01)21 

\3 /4 \2 

10 01)11 11)01 

\2 /4 \1 

11 11)11 10)01 
/3 \1 /4 

12 10)10 10)11 

\1 /3 

13 11)10 
^2 

14 01)10 
^3 

15 00)11 
/4 

16 00)01 

Now use = {a'l = — ai, . . . , 04 = — and put Qi = {a-}. Then we have 

Wei(7r) = {00)01, 10)10, 10)01}, 

We2(7r) = {00)01, 11)10, 01)11, 11)01, 01)10}, 

WeA-^) = {00)01, 01)10, 10)11. 00)12, 00)00, 01)21, 10)10, 00)11), 

We4(7r) = {00)01, 00)11, 10)01, 00)00, 00)12, 00)01} 

and 

g.,e, {x; X) = {x - ^x) [x i) [x + ^ A - ^) , 

g^M^; X) = {x- Ia) {x-lx- i) (x - ^) (a. + - I) (a^ + - ^) , 

g^.ea ix; X) = {x- Ja) - ^A - i) - ^A - A) _ 

.(.^^l)(..|A-l)(,..iA-l)(..iA-Z), 
q^M^; X) = (x- ^a) (a; - ^A - 1) (or - ^) (or - l) 
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1 ^ \ / 1 > 11 

+ —A - 1 j;+ -A 

12 J\ 6 6 
The extremal low weights of tt with respect to ^P' are as follows: 

vjoi'^ = n74 — — as — a2 — cei + a2 + 2q!3 + a^, 

— ^4 — C(4 ~ — ai + 2oi2 + 2q;3 + 0:4, 
Wjj^ = n74 — ai = ai + 2a.2 + 3a3 + q;4, 
THa'^ = Ci74 = cki + 2q;2 + Sofa + 2a4. 

None of them is a member of S(ge) U {0} for any 8 C v]/'. Hence by Proposi- 
tion l2.39l i) and Lemma [3. 241 the functions r„/ (A) [i = 1, 2, 3, 4) are not identically 
zero. 

Example 4.11 (G2). 

oi\ 0L2 3 2 



0^0 0^0- 



* = {ai = ei - £2, "2 = -2£i + £2 + £3} 

P = — £1 — 2£2 + 3£3 = 5Q!i + 3q:2 

i) TT tui := —£2 + £3 = 2ai + a2 (multiplicity free) 
dimtui = 7 

C^i =5(2Ei<«<j<3(ei-^J'£i-'^2)^ + (0,£i-£2)^) =6 
5 

fei(x) = (a; - 1) ni<»<j<3((2^ - |)^ - - ^j)^) 

ii) TT = 1372 := — £1 — £2 + 2£3 = 3ai + 2q!2 (adjoint) 
dim 072 = 14 

C^. - 24 

(tI72,p) = 9 

qrnA^) = - 5) n aGE(G2) (^^ " " ^ |) 11 /3eS(G2) (^^ " - ^i) 
|a| = |a„ax| |/3|<|amax| 

Consider the representation tt with the highest weight vd\ . Then as is shown in 
|FH| , the weights of tt are indicated by 

£2 - £3 > £1 - £3 > -£i + £2 > > £1 - £2 ■> -£i + £3 > -£2 + £3 

and therefore 

W{ai}(7r) = {£2 - £3, -£i + £2, -£i + £3}, 

W{a2}(7r) = {£2 - £3, £1 - £3, 0, £1 - £2, -£2 + £3}- 

For A G Qq we put Ae = Aitui + A2n72. Then Ai = (rcsp. A2 = 0) if 8 = {ol\\ 
(resp. {a2}) and 

(ai+a2,p)\/ A2 (3ai + 2a2,p)\ 



9,r,{ai}(a;; A) = (^a;+yj(^x ^ j (^a 



2 6 



2 / V 3/ V 2 2 

Aiw Ai (ai,p) 

Ai (3q;i +a2,p)\ / Ai (4Q;i + 2a2,p) 



6 



-y)(-T4)(^-')(^-y-')(^-y-| 

Moreover, from Remark 13.201 we get 

''ai (A) = (Ae + p, (-cpi + ai) - {-wx + ai + a2)) 
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• (Ae + p, (-^1 + ai) — (— n7i + Sai + 2a2)) 
2(Ae + /0, a2)(Ae + p,ai +0-2) 

p(A2 + l)(3A2 + 4), 
6 



ra2{\) = (^('^e, (-^571 + ai) - (-tui)) - {a2, -tdi + ai) 

■ (^{\e, (-nji + ai + (12) - 0) + {-vji + ai + q;2, ai)^ 

• (Ae + p, {-T^i +011+ 02) — (--KJi + icti + a2)) 

■ (Ae + P, (-nJi + q;i + q;2) - (-Wi + 4ai + 2a2)) 

= ((-^e + Z^' "1)) (('^e + + 2q;2)^ {{Xq + p, Sai + 012) 

= -^(Ai + l)(Ai+2)2(Ai+3). 
Here we have used the foUowing relations: 

(p, 3q!i + 2a2) 



- {a2, -rui + ai) = -(q!2, ai) — 
'UJi + ai + ^2, ai) = — (ai, ai) = — 



3 

(p, 3ai +02) 



3 

Note that ai + a2,3ai + 2a2,3ai + Q!2 G ^(fl) and ?'Qi(A) ^ if the condition ii) 
of Theorem 13. 121 (we do not assume here that Ae + p is dominant) is satisfied. 

Let ^(a)^™) denote the space of the elements of the symmetric algebra over a 
whose degree are at most m. Note that 

(Trace = 2{ei - £2)"" + 2(^2 - £3)'" + 2{ei - £3)"" mod 5(a)(2"-i) 
= 2(ei - £2)"" + 2(£i + 2£2)2" + 2(2£i + 62^"" 
mod 5(a)(£i + £2 + £3), 
(Trace i^^)„ = 12(£2 + £i£2 + sj) mod S{a)^^'> + S{a){ei + £2 + £3), 
(Trace ^ i ((Trace ^^^^^2 5(a)(3) + 5(a)(£i + £2 + £3). 

Moreover (TraceF^);, and ((Trace i^^)a)^ are linearly independent in 
5(a)/(5(a)(5)+5(a)(£i+£2+£3)). 

Thus we have 

(4.7) Z{g) ^ C [Trace F^, Trace F^]. 

Proposition 4.12. We denote by ai the elements in ^'(g) which are specified by 
the Dynkin diagrams in the examples in this section. 
For a G *(g) define Aq G a* by 

^ ■ ' \o z//3e*(s)\M. 

Let TT* be the irreducible representation of Q with the lowest weight — Aq and let A* 
be the highest weight of tt* . 

i) Suppose g = s[„, sp„ or 02n+i tt is natural representation of g. Then 
(|3.5|) /loZds /or any O if the infinitesimal character of the Verma module Af (Ae) is 
regular, that is 

(4.9) (Ae+P,a)^0 (VaeE(0)). 
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If ^&~^P ^■s dominant, then (13.51) is equivalent to H3.2() . Moreover in Proposition l3.3l 

we may put A = {i; di < deg^ qiT,e}- 

ii) Suppose g ^ G2 and tt is the non-trivial minimal dimensional representation of 
Q. Then the same statement as above holds. 

iii) Suppose g = 02n with n > 4 and tt is the natural representation of g. 
Suppose Q D {a„^i,a„}. Then (|3.5() holds if Xq + p is regular and (|3.5|l is 

equivalent to H3.2|l if Xq + p is dominant. 

Suppose 0n{a„_i, a„} = and (Ae, q;„— a„_i) = 0. In this case we may replace 
ClTr,eix',X) in the definition of It^ q by q'^Q{x;X) given in Example 14. 6L Then the 
same statement as the previous case holds. Note that deg^ q'^ q — deg^, g7r,e ~ 1- 

In other general cases, (|3.5|) holds if the infinitesimal character of M{Xq) is 
strongly regular, that is, Xq + p is not fixed by any non-trivial element of the Weyl 
group of the non-connected Lie group 0{2n, C). In particular, i/0n{a„_i, a„} = 0, 
then H3.5|l holds under the conditions H4.9(l and 

(4.10) (Ae + p, 2a, + • ■ • + 2a„_2 + a„-i + a„} 7^ 

for i = 2, . . . , n — 1 satisfying a^^i G Q and ai ^ Q. 

Suppose Q n {a„_i, «„} — {a„_i}. Then 

(4.11) Je(A) = /.,e(A) + /,._^,e(A) + J(A0) 

if (ESI), and 

(4.12) {Xe+p,rj7 + Aa„_,-an-i)^Q 

for any £ We(7''Q„_i) satisfying -cu > a„_i — Aq,^_j 

/n Proposition 13. 31 we may put r = n and Ai, . . . , A„_i are invariant under the 
outer automorphism of g corresponding to e„ — e„ and A = {i; < deg^ q^ q} U 
{«}. 

iv) Suppose Q = wif/i n ^ 6, 7 or 8 {cf Example K7\ Ol IT?^ . For a.^ G ^"(0) 
put 

{ai if i = 1 or 3, 
q;2 ifi = 2, = 
ckri ■ifi>4:, 

Here L{ai) satisfies #{/3 G '^(fl); {i{ai),f3) < 0} < 1 and a is the smallest root with 
a > a and a > t(a). Let A G Oq. // (|4.9|) holds and moreover A satisfies 

(4.14) 2(Ae +p,w + A,(„) - a) 7^ (w, w) ~ (A,(„), A,(„)) 

for a Q Q and w G VVe(7r*((j)) satisfying w > a — At(Q), 

i/ien 

(4.15) Je(A)= /,.,e(A) + J(Ae). 

Q£t(e) 

In particular, under the notation in Definition 12. 201 the condition 

(4.16) 2p±fl^^[-l,0] 




for a G and p G i?+ with < p < Aj(q,) + A*,^-) 



a 



assures (|4.14|) . Moreover, if tt — tt*^ or tt*^, we may pM< A = {i; d,; < deg2,(jT.e} 
zn Proposition 13 . 31 
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v) Suppose = F4. For ai G ^'(g) put 

Ui if i = 1 or 4, 

ai + a2 if i = 2, 

Q3 + a4 if i = 3. 

T/ien f/ie same statement as iv) /loZds for it — tt*^ (c/. Example 14.10(1 . 

Proof. The statements i) and iii) are direct consequences of j04l Theorem 4.4] (or 
Theorem I3.21|l and Theorem 13.121 The statement ii) is a consequence of Exam- 
ple EIH 

Suppose Q is i?6, Ej, Eg, or G2 and tt is a minimal dimensional non-trivial 
irreducible representation of g. Then in Proposition 13 . 31 it follows from |Mej that 
the elements X]roGW(7i-) w^(ti7)ci7'^' {i = 1, ... ,71) generate the algebra of the W- 
invariants of U{a) (For G2 we confirm it in Example 14. 11(1 and hence we may put 
A= {i; di < deg^qT^^e}. 

Suppose g is Eq, Et, E% or F4. Fix a G 0. Then Theorem 13 . 2 II assures X_q, G 
I-k'^ j,e(-^) + •^('^e) if '"Q,ro„('^) 7^ 0. Here rQ_ro<:,(A) is defined by ((3.411) with tt = 
7r*j.^j and zua = — A^(q-) + (d — a). Then the assumption of Remark 13.201 v) holds 

and therefore the second factor Ili^il''') '"Q,ro„('^) in 1(3.41(1 does not vanish 
under the condition ((4.9(1 . On the other hand, ru G VV(7r*^^^) which does not 
satisfy zu < — At(Q) -I- a always satisfies vj > — Aj(q) -|- a because {71, . . . ,Jk} in 
Remark [3.201 is of type Ak and {A^(^a)iP) = ili^P) = for i = 1, . . . , X — 1 and 
/3 G ^"(0) \ {71 , . . . , 7k}- Hence ((4.1411 assures that the first factor of ra,^^ (A) does 
not vanish. Thus we have X^a G Itt'^ + ^(^e)- It implies 1(4.15(1 . It is clear 

that ((4.14() follows from ((4.16(1 since (A,(^a), K{a)) > (n7, ro) for vj G W(7r*(.^^). □ 

Remark 4.13. Suppose g = 0l„ or g is simple. In the preceding proposition we 
exphcitly give a two sided ideal Je(A) of /7(g) which satisfies Jq{X) = Je(A)-l- J(Ae) 
if at least 

(4.18) Re(Ae + p,a) > for a G *(g). 
In particular, this condition is valid when A = 0. 

Remark 4.14. Suppose g = g[„. Then in [02j the generator system of Ann(M0(A)) 
is constructed for any Q and A through quantizations of elementary divisors. It 
shows that the zeros of the image of the Harish-Chandra homomorphism of Ann (Me (A)) 
equals {w.Xq; w G VF(0)} and proves that 1(3.2(1 holds if and only if ((4.19() is not 
valid for any positive numbers j and k which are smaller or equal to L. Here we 
note that this condition for ((3.2(1 follows from this description of the zeros and 
Lemma 13.41 and the following Lemma with the notation in Example 14.21 

Lemma 4.15. Let tiq — < ni < n2 < ■ ■ ■ < — n be a strictly increas- 
ing sequence of non-negative integers. Let A ~ (Ai,...,Al) G C^. Define A = 
(Ai,...,A„) gC" by 

— 7Z — 1 

K = Afc + -1) — if <v <nk 

and put 

Afe = {A„^_^ + i, A„^_^+2, ■ • ■ , Xn^]. 

Then there exists v with nj^i < v < Uj satisfying [v, v -\- 1)A G W(&)\ if and only 
if there exists k G {1, . . . , L} such that 

(4.19) Ak n Aj ^ 0, Aj t Ak and G A^ \ A^, // G Afe ^ (^t' - /i)(fc - j) > o) . 



(4.17) t(a,) = I 
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Here £ 6„ is the transposition of i and j and 

W{0) = {(7 G &n', <y{i) < cr(j) if there exists k with Uk-i < i < j < rik}, 
= (m<t-i(i)' ■ ■ • 'M<T-i(n)) /"'^ M = (a*i, ■ ■ • e C". 
Proof. Suppose (|4.19|) . Then there exists m such that 

j < k, I < m < Uj — and rik-i + Uj — Jij-i — m < rife, 
A„j_i+,. = Xnk-i+i^-7n for m < 1/ < ?ij - nj^i 

or 

j > k, I < m < Uj — and — m + 1 > nk-i, 
Kj-t+L' = A„^+^_„i for 1 <iy <m. 

Defining a G 1^(9) by 

cr = (tt-j-i + m, + rn + 1) (nj_i + i^, + i/ - m), 

or 

cr = (n^-i + m, + TO + 1) (n^-i + i/, nfe + i/ — m), 

respectively, we have {ly, v + 1)A = crA G T4^(0)A with ~ nj^i + m. 

Conversely suppose (i^, v + 1)A = aX for suitable G {nj-i + 1, . . . , — 1} and 
cr G W{e). Put 

{^1, . . .Jm} = {£;(< rij^i and \( = A„^_i+i}, 
{C+2, ■ ■ • , C+m'+i} = {^'; ^' > nj and A^- = A„^ } 

and define 

l[= ti + [uj — Uj^i — 1) if i < m, 

< i^^i'^- [rij - Uj^i - 1) if i > m + 2, 

= + 1, = nj. 

Assume that H4.19|l is not valid for any k. Then for i G / {1, . . . , m + to' + 1}, 
there exist integers Ni with njs[._-^ < £i < £[ < n^. and therefore Xg. = Xnj_i+i and 

Xg'. = Xrij ■ 

Note that #/i < to + 1 and f/=l2 < to' by denoting 

h = {i e I] (7{£i) < Uj} and h = {i e I; a{l'^ > n^}. 

Since a{£i) < (j{£'^), we have IiU I2 = I and therefore f^Ii = to + 1 and :/^/2 = m' . 
Then there exists io with Jij-i < cr{£io) 5: "j- Since /in/2 = 0, we have cr(^i(j) < rij, 
which implies a^^lu') =^ + v' — nj^i — 1 for < i^' < n^. It contradicts to 

the assumption (j/, v + 1)A = crA. □ 

Remark 4.16. Suppose g — g[„ and tt is its natural representation. Then the 
condition ra{X) ^ for any a G O is necessary and sufficient for H3.5|l (cf. 04l 
Remark 4.5]). Under the notation in the preceding lemma, it is easy to see that 
the condition is equivalent to the fact that 

Ak n Aj ^ 0, Aj ^ Ak and (3fi e Aj \ Afe, 3fi' G Afc such that (/i' - ^)(fc - j) > 0^ 
does not hold for any positive numbers k and j smaller or equal to L. 
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Appendix A. Infinitesimal Mackey's Tensor Product Theorem 

In this appendix we explain infinitesimal Mackey's tensor product theorem fol- 
lowing the method given in Ma . 

Let g be a finite dimensional Lie algebra over C and p a subalgebra of g. Let 
V and J7 be a [/(g)-module and a t/(p)-module, respectively. We denote by V\p 
and Indp U the restriction of the coefficient ring U{q) to U{p) and the induced 
representation U{g) ®u{(i) U in the usual way. 

Theorem A.l (infinitesimal Mackey's tensor product theorem). The map defined 
by 

Uis) ®[/(p) {U ®c V\p) ^ {U (fl) ®[/(p) U) ®c V, 

-D (8)(7(p) (m (8)c • [(1 (g)[7(p) m) (g)c w] 

gives a canonical U{g)-module isomorphism 

(A.2) Ind0(C/ ®c V\p) ~ (indB U) ®c V. 

To prove this we need two lemmas. 

Lemma A.2. Let R be a ring and i?-Mod the category of left R-modules. For 
M,N e i?-Mod consider Fm ■ ■ ^ Homi{(M, ■) and Fn ■ ■ Homi{(A^, which 
are functors from i?-Mod to the category of abelian groups. Suppose that Fm and 
Fn are naturally equivalent, namely, there exists an assignment A i—^ ta for each 
object A S i?-Mod of an isomorphism ta '■ Homfl(Af, A) — )■ Hom/{(7V, A) such that 
P'Nif) ° Ta ^ tb ° FM{f) for each f £ IIomj^(A, B). Then M :^ N as R-modules. 

Proof. Put if = T^'^iidN) G Homii(M,iV) and ip = TM(idM) e Homfl(iV,M). 
Then ip o Tp ^ FN{(f){4>) = Fn{(p) o rM(idM) = tat o ^M(<p)(idM) = TNi^p) = idAr . 
Similarly ip o ip — idM . Hence M ~ N . □ 

Lemma A. 3. Let {iTi^Vi) {i = 1,2,3) be U{g)-modules. Consider Home (T^2, V3) as 
a U{Q)-module by = Ti3,{X) o $ - $ o tt2{X) for $ e Homc(y2, ^3) and X & q. 
Then naturally 

Hom[7(j,) (Fi (8)c^2,V3) ~ Homj/(g)(yi,Homc(V2, V3)). 

Proof. We have only to define the mapping ip ^ ^ from the left-hand side to the 
right-hand side by {^{vi)) {V2) — p{vi ® V2) for vi E V\ and G V2. □ 

Proof of Theorem I A. 11 Lemma IA.31 implies the following isomorphism for a given 
C/(g)-module A: 

Hom[/(g) (([/(fl) ®[/(p) U) ®c V^,^) - Hom[/(j,) ([/(g) ®[7(p) C/, Homc(y, A)) 

~Hom[;(p) (C/,Homc(y|p,^|p)) 

~Hom[;(p) (C/ ®cl^|p,A|p) 

-Hom[;(j) (C/(fl)®[/(p) (C/ ®c^|p),A) • 

It gives a natural equivalenc e bet ween i^((7(g)«,^(p);7)<8.cU and i^(7(g)^^(c/«,cV|p) 
under the notation of Lemma FA. 21 with R— U{q). Hence by Lemma FA. 21 we have 
(|A.2|1 . It is easy to see the isomorphism is explicitly given by (fO|l . □ 

Appendix B. Undesirable Cases 

In this appendix we give counter examples stated in Remark 13.231 Let = sin 
and use the notation in ||21and fjSl Suppose the Dynkin diagram of the fundamental 
system ^ = {ai, . . . , a„_i} is the same as in Example 14.21 Let {Ai, . . . , A„_i} be 
the system of fundamental weights corresponding to 5". Let tt be the irreducible 
representation of q with lowest weight tt — — miAi — r7i2A2. Here mi and TO2 are 
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positive integers. Then the multiplicity of the weight zu' := t: + ai + a2 G VV(7r) 
equals 2. 

Now take = 4* \ {02} = ct3, 0^4, ■ • ■ , ct?i-i}- Since the multiplicity of 
the weight tt + a2 is 1, both zu' and tt + a2 belong to We{TT). On the other 
hand, by Remark 13. 171 the weight nj^^ j := tt + a2 + + ■ ■ ■ + a„_2 is a unique 
extremal low weight of tt with respect to a„-i. Note that {w e We(7r); < 
= {tt, 7f + 0:2} and the weight ^'a„__-^ := tt + a2 + 0:3 + ■ ■ ■ + a„_i satisfies 
■^Qn-ilae — ^'lae — [t^ + Q^2)|ae 7^ ^\ae- Moreover, it follows from Lemma 12.221 

D^{zu') - D^{tt + a2) 

- D^{tt + a2) 

It shows the first factor of the function H3.41|l with {a,Wa) = {a 

n— 1 ; ^a„_i ) is 

identically zero if n — mi + A. 
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